
Convergence Properties of GA’s

Proof of convergence for SA and GA!
A Global Convergence Proof for a Class of Genetic Algorithms



Minimax Example Zero Sum 
Game

Effectively depth first search, time complexity O(bd)



Properties of Minimax Search



Three Player and Non-Zero Sum 
Games

A                                     (?? ?? ??)

/                    \
/                      \

B                  (?? ?? ??)                                 (?? ?? ??)

/          \ /          \
/            \ /            \

C       (?? ?? ??)            (?? ?? ??)            (?? ?? ??)  (?? ?? ??)

/        \ /        \ /        \ /        \
/          \ /          \ /          \ /          \

A (+1 +2 +3) (+4 +2 +1) (+6 +1 +2) (+7 +4 -1) (+5 -1 -1) (-1 +5 +2) (+7 +7 -1) (+5 +4 +5)

How do we create game trees that incorporate chance?



Chance as a Bipartisan Third Player

Before each link implicitly
Had Pr=1 on it.



Depth Limited Search

Evaluation function is just a heuristic (not an admissible heuristic)
Break game state into m components
Eval(n) = w1c1(n)+w2c2(n)…wmcm(n)
Note multiple states have the exact same component values
Eval function some estimate of the the expectation of 
#wins/#games from this point (as described by the components)

State space, evaluation function for a single player 
checkers program?



Checkers

Evaluation function features

Samuel experimented with Over 50.
Recent work looks at learning
the feature weights.
Simplest evaluation function

F(n)=3.c3+ 2.c2+ 1.c1+ 30.a3+ 20.a2+ 
10.a1



Alpha Beta Pruning

• Produces exact same results as minimax 
algorithm

• Reduces search by not expanding sub-
optimal paths

• Alpha and Beta terms are the floor and 
ceiling of the range of values, the player is 
interested in. 



Max fills left hand alpha value
Min fills in right beta value
Parent can set current best 
Estimates for alpha and beta



For this path,
worst min can
do is 5

For this path,
worst max can
do is 5







All branches “complete”











Alpha Beta Pruning Algorithm

Initial call is to MAX_VALUE(root_node, -∞, ∞)
Alpha <= Beta, otherwise cut-off search

Max of min values

Min of max values



Analysis of Alpha Beta Pruning

• Knuth, D. E., and Moore, R. W. ``An 
analysis of Alpha-Beta pruning,'' Artificial 
Intelligence, 6:293-326, 1975.
– Most results for perfectly ordered trees

– Some for randomly ordered trees



Performance analysis of Performance analysis of 
AlphaAlpha--Beta PruningBeta Pruning

• Since alpha-beta pruning performs a minimax
search while pruning much of the tree, its effect  
is to allow a deeper search with the same 
amount of computation.

• The question: how much does alpha-beta 
improve performance?



Example of alphaExample of alpha--beta worst casebeta worst case
• Evaluation from left to right
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• The most natural definition for the average case 
is that the leaf nodes are randomly ordered.

• Heuristic node ordering would violate this 
assumption.

• Average case performance is not a prediction of 
its performance in practice

MinimaxMinimax value of game treesvalue of game trees



Next Class

• Reinforcement learning – Chapter 21



Agent / Environment Interaction

Different rewards
Emphasize 
different behavior



Examples and Properties (1)



Examples and Properties (2)
• Each unique location is NOT a state
• Can be applied to any autonomous agent.

– Software agents, web-crawlers

• Not unlike Pavlovian conditioning
– Condition the learner to optimal behavior

• Agent receives indirect & delayed rewards, no 
guidance or corrections given.
– Different than supervised learning

• Agent does not necessarily know how their actions 
change their state.

• Recent move towards competing agents.



A Successful Example



Different Environments and Agents

• Environments
– Direct or indirect rewards/training

• Agents
– Deterministic versus non-deterministic  actions.
– Incomplete knowledge of effect of actions
– Incomplete knowledge of the state
– Agent memory or model of the environment

• Regardless of differences always have:
– δ(st ,at) chooses the action to perform
– r(st ,at) provides the reward given the action
– Agent may not know either function


