IEEE TRANSACTIONS ON PATTERN ANALYSIS AND MACHINE INTELLIGENCE, VOL. X, NO. X, XX 200X 1

Modeling Multiscale Subbands of Photographic
Images with Fields of Gaussian Scale Mixtures

Siwei Lyu, Member, IEEE Eero. P. SimoncelliSenior Member, IEEE

Abstract— The local statistical properties of photographic im- is an infinite mixture of zero-mean Gaussian variables watrad-
ages, when represented in a multi-scale basis, have beenciéised  ances related by multiplicative scaling. GSMs can emulateym
using Gaussian scale mixtures. Here, we use this local degition  of the non-Gaussian statistical behaviors observed ir troaips
as a substrate for constructing a global field of Gaussian st&a of wavelet coiicients of photographic images. In addition, the

mixtures (FOGSMs). Specifically, we model multi-scale sutdnds . . X .
as a product of an exponentiated homogeneous Gaussian Marko underlying Gaussian structure leads to relatively simplameter

random field (hGMRF) and a second independent hGMRF. We l€arning and inference procedures. For these reasons jioage
show that parameter estimation for this model is feasible, md models based on GSMs have been highly successful when @pplie
that samples drawn from a FOGSM model have marginal and to image denoising [17], [18].
joint statistics similar to subband codficients of photographic  Despite this success, it has proveiffidilt to extend the local
images. We develop an algorithm for removing additive white G5\ description to a consistent global probability modeheO
dGaus_s[an noise based on the FOGSM model, and demonstratecan partition the cd@cient space into non-overlapping clusters,
enoising performance comparable with state-of-the-art rathods. . . .
and describe each of these using an independent GSM. But such
a model will ignore important statistical dependenciesneen
codficients in adjacent blocks. The inhomogeneities that arise
from treating co#icients near block boundariesfidirently from
those in the center can, in turn, lead to noticeable arsifaoth
| INTRODUCTION as blocking or aliasing in applications. This problem may be
ANY successful methods in image processing and corsemewhat ameliorated by using overlapping (e.g., conioiat)
puter vision rely on statistical models for images, and Wlocks [17], [18]. But then treating these blocks as indelesi
is of continuing interest to develop improved models, bath isamples is not consistent with any global model. Anotheioapt
terms of their ability to precisely capture image strucsyrand is to retain non-overlapping cficient clusters, but to capture
their practicality for use in applications. A common methafd the dependencies between these clusters by linking thesiidd
constructing such statistical models is to first identifgtistical scaling variables in a tree-structured Markov modzb{ [19],
properties of photographic images, and then develop pitidtad [20]). Although these models are able to capture some global
models that capture these properties. The first step in thiseps statistical dependencies, they still produce artifacts t the
is to choose a representation (typically, a linear basisytiich inhomogeneous treatment of spatially proximal ficeents that
the statistical properties are more simply described yHadearch are assigned to fierent branches of the tree.
in image statistics was based primarily on pixel and Fourier A natural means of extending the local GSM description to a
representations. But over the past two decades, numenatdi®st homogeneous global description is through the use of Markov
have demonstrated that linear image decompositions basedrandom fields (MRFs). A MRF is a global model uniquely
multi-scale multi-orientation localized basis functioflsosely determined by a local statistical description. A numberuhars
referred to as “wavelets”) are particularlyffective in reveal- have developed MRF-based image models in the pixel domain
ing statistical regularities of photographic images. Fwtance, (e.g, [21], [22], [23], [24], [25], also see [26] for an overview)
wavelet cofficients of photographic images generally have highlyn particular, the recently developed field of experts mdae|
kurtotic non-Gaussian marginal distributions [1], [2]],[&nd the has been used to achieve impressive performance in degoisin
amplitudesof nearby cofficients are strongly correlated [4], [5], However, these MRF-based models usually involve learnimdy a

Index Terms—image statistics, Markov random field, image
denoising

[6]. inference procedures based on statistical sampling, whreh
A variety of parametric models have been proposed to captuenerally computationally costly or unstable.
these regularities, including the generalized Laplacidn[g], [9], In this paper, we take a fiierent approach to embedding a

[10], the Bessel K [11], the multi-variate Student's t-distition local GSM description within a global consistent MRF, by mod
[12], the a-stable family [13] and the Cauchy distribution [14].eling multi-scale subbands diglds of Gaussian scale mixtures
All of these non-Gaussian statistical models can be unifiettu  (FOGSMs).  Specifically, a FOGSM is formed by an element-
the flexible semi-parametric density family known as Gaarssi wise product of two mutually independent MRFs: a homogeseou
scale mixtures (GSMs) [15], [16]. By definition, a GSM dewsit Gaussian MRF (hGMRF), and a positive-valued MRF obtained
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RFs, and demonstrate that samples from FOGSMs share imporfa. Homogeneous Gauss-Markov random fields

stati;ticgl properties of photographic images. As an g)kamp A Markov random field (MRF) is a global joint distribution
application, we qevelop a Bayesian dgnmsmg methodolegygu on a mesh of nodes that is uniquely determined by the local
FOGS_M as a prior model for c_Iean images. We show that t'&‘?;‘Ansity of each node conditioned on the nodes in a surrogndin
resulting denoising method ac_hu_aves performance _com|mtab neighborhood. In particular, the MRF is the maximal entropy
state-of-the-art methods. Preliminary results of this lwbave density consistent with the local probabilistic constisif26]. A
been presented in [28]. Gaussian MRF (GMRF) is one in which all the local conditional
(and hence, joint) densities are Gaussian. In this casentbese
Il. BACKGROUND covariance matrix (also known as tipeecision matrix) of the
full set of nodes contains a zero entry for all pairs of nodes
that are not within each other’s conditioning neighbortood
Photographic images exhibit distinct statistical regties that e sparse form of the precision matrix means that it usually
are especially apparent when they are represented usindtia Myyoyides a more convenient parameterization of a GMRF than
scale basis (loosely referred to as a “wavelet” decommusiti he fyl| covariance matrix. A homogeneous GMRF (h\GMRF) is a
To be more specific, the wavelet dbeients of photographic G\MRF with local density parameters invariant to absoluttisp
images tend to have highly kurtotic non-Gaussian margif&l diocation. In particular, when the hGMRF is defined over a two-
tributions [1], [2], [3]. More importantly, even when theyea gimensional lattice with circular boundary handfings precision
second-order decorrelated, there are higher-order atat@pen- matrix is block circulant (see Appendix A for details), detéined
dencies between cfiients at near_by locations, o_ri_enta_ti(_)ns angy the generating kerndD that captures nonzero dependencies
scales [5], [6], [16]. Shown in Fig. 1 are empirical joint andyithin each neighborhood. Given the relatively small set of
conditional histograms for five pairs of subband féoents of yarameters, the block circulant structure, and the respltiose
the “boat” image, corresponding to basis functions withtigha re|ationship with the discrete Fourier transform (see Ajjbe A),
separations ol = {1, 4,32} samples, two orthogonal orientations,GMRFs are significantly more computationally tractablanth
and two adjacent scales. For adjacentfiioents, we observe general MRFs in terms of parameter estimation, samplind, an
an approximately elliptical joint distribution. This belar was jhference. Learning and sampling with hGMRFs are described
originally reported for Hilbert-transform pairs of basisttions Appendix B and C, respectively, and a more detailed desenipt

[30], and later generalized to pairs atffdrent positions, ori- of GMRFs and hGMRFs may be found in reference [32].
entations and scales [5], [6]. The “bow-tie” shaped condii

distribution indicates that the variance of one ftiegéent depends
on the value of the other. This is a highly non-Gaussian hehav IIl. FIELDS OF GAUSSIAN SCALE MIXTURES

since the conditional variances of a jointly Gaussian dgresie The GSM model has been used successfully to describe the
always constant, independent of the value of the condi®ni statistics of local clusters of multiscale image fiméents, which
variable. For cofficients that are distant, the dependency becomggn, include spatial neighbors as well as fiicents in adjacent
weaker and the corresponding joint and conditional hisiogr scale and orientation subbands [e.g., 19]. But, as mertiame
become more separable, as would be expected for two ingige introduction, extending local GSM model to a global mode
pendent random variables. Finally, although the exampie®/s o images without introducing either statistical incosigies,
here were generated using a particular multi-scale odeint@ge o inhomogeneities in the global model structure ificlilt.
representation, these statistical properties are faibust to the Here, we resolve this dilemma by describing each subband as
specific <_:hoice of decomposition as long as the basis fumstiog homogeneousield of Gaussian Scale MixturgEoGSM).
are localized and band-pass. We define a FOGSM as the element-wise product of two
mutually independent MRFs and vz:

A. Photographic image statistics

B. Gaussian scale mixtures d
, : : : X=u® Vz, )
A Gaussian scale mixture (GSM) vector is defined as the

product of a zero-mean Gaussian vector and an independetiere the square root is applied to each componerz bfere,
positive scalar variable. Specificallydadimensional GSM vector u is a zero-mean Gaussian MRF, amdis a positive-valued

X can be constructed as= /- u, whereu is ad-dimensional MRF of scaling variables. To eliminate the scaling ambiguit
zero mean Gaussian vector, and R* is independent ok. The betweenu andz, we assume that each componentudfias unit
density ofx is determined by the covariance matri, of the variance. The FOGSM model inherits from the GSM model the

Gaussian vector, and the density of construction as a product of an independent Gaussian \@&aahl
another positive random variable, and as such, all one+tsiopal
p(x) = fNX(O, Z)p,(2)dz marginal densities of a FOGSM are GSMs. But unlike the local
z GSM model, in which a single variable is multiplied by every

XT —lX . . . . .
)pz(z)dz 1) component of a multivariate Gaussian \(arlablethg Gaus&gn
components in FOGSM each have their owrvariable. This

1
fz V(2r2)z| 2z
As a family of probability densities, GSM includes many Corngollectlon ofz variables form a second MRF, which can capture

mon kurtotic distributions, including all those mentionigdthe higher-order statistical dependencies.

Ir!tro.duc.tlon [15]. For_lnstance, iz fO.HOWS an inverse gamma ICircular boundary handling is assumed in the definition oMRE. As
distribution, t_he_res_ultlng GSM density reduces to a matiate e gimensionality of the random field increases, the boyntiandling is
Student’s t-distribution [15], [31]. less influential in the computation.
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far A = 32 orientation

Fig. 1. Histograms of pairs of subband @o@ents of four photographic images, decomposed using ad®ieePyramid decomposition [29]. Top: Contour
plots of joint histograms, drawn at equal intervals of loghmbility. Bottom: Conditional histograms, computed bgldpendently normalizing each column of
the joint histogram. Image intensities are proportiongbtmbability, except that each column of pixels is indepertigierescaled so that the largest probability
value is white.

To further reduce the number of free parameters in the modal, Learning and sampling FOGSMs
we use homogeneous~oGSMs to model each subband in a
multiscale decomposition. Specifically, we assumeo be a
zero-mean homogeneous Gaussian MRF (hGMRF), with circu
boundary handling:

A FOGSM density on subband diieientsx is determined by
Fgle generating kernels of the two constituent hGMRBg,and
Q.. When fitting FOGSM to data, it is also desirable to have an
estimate of the field. Thus, we formulate the learning of FOGSM

-uT C(Quu as simultaneous estimation of paramete{sand Qu and variables
p(u) e V|C(QU)|eXp( > s () yz)N,, from a training set of subbands},, as
where Q, is the generating kernel, ar@Q,) is a block circu- argmax log p({X; }i“il,{zi}i’il; Qu, Q). (6)
lant precision matrix formed from that kernel. Furthermone 2iH;,QuQx

assume that is derived by applying a point-wise exponent|al
“link” function to a second hGMRF. Alternatively, we can dedi
logz (where the log operator is applied element-wise) as a ze
mean hGMRF with precision matri€(Q,):

Optimization of this objective function corresponds to anbd
ation ofmaximum likelihooastimation of the model parameters
,, Qu) and maximum a posterioriestimation of the hidden

variables{z}, from training data{x;}",

VIC@Q)] —(log2)" C(Q,)(log2) We optlmlze equation (6) using a coordinate ascent scheme,

Mz e ( 5 ) (4)  which alternates between maximizing eachiznf!,, Q, and Q,

while holding the remaining two fixed:

The inter-dependencies between componentsrofly be explic- )

itly incorporated through the precision matXQ,). This log- i zv

normal random field is a natural extension of the univariage | (i) Qu” = argmax, log p({xi,z""} hea + Qu, Q7)

normal density used previously for the scalar multiplierifocal (i) Q¢ = argmax, log p({xi, f“l L QY. Q)

GSM model [33]. , o @)
The density ofx conditioned onz, may be easily written by Running the th.ree steps in (7)I|ter.at|vely ggaraptees ggevice

substituting the element-wise quotien® vz for the vectoru in to a local maximum of the objective function in (6). Each step

Eq. (6) and re-normalizing: may be further simplified.
' ' The objective function in step (i) of Eq. (7) is more con-

B T veniently expressed in terms of the element-wise inverseareq

|C(Qu)] exp( x2v2) CZ(Q”)(X® ﬁ)) (5) root of variablez. We defines = 1@ +/z, from which z can be
[1iz recovered using = 1@ (s®s). The conditional density of given

~ 1C(Qu)I exp( X" D(V2) 1 C(Qu) D(VZ) X s may then be written:

- [Tiz 2 .

Pz(2) o

argma log p(xi, z;; Q‘J’,Q‘z") for i=1,---.N

p(X|z) o

SLLRIBSILCE)

pe9 « [ ]s exp( >
whereD(v/z) in the second line denotes a square diagonal matrix i
generated from vectory/z. The resulting conditional density 1—[ . exp( —s" [D(X) C(Qu) D(X)] s)

on x is a zero-meannhomogeneousGMRF, as its precision - 2
matrix [ D(v2) "1 C(Qu) D(v2) | no longer has a block circulant
structure. and the density o§ may be easily obtained by suitable transfor-
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mation of the density of: of photographic images. We fit an independent FOGSM model to
1 each subband of a photographic image, and examine the pesper
p(s) o s exp(-2(logs)" C(Q,) (logs)). (9) of the u and logz fields, as well as samples from the learned
, o o ~ FoGSM model.
Using these new definitions, step (i) in Eq. (7) may be reamitt
as

A. Experimental setup

s = argsm axog p(x, s; Qu. Qz) (10) Our data sets are multi-scale subbands of a given orientatio
= argmaxog p(x|s; Qu) + log p(s; Q,) and scale from five standard test images of size 51212
s pixels (“Lena”, “Barbara”, “boats”, “hill”, and “baboon”) For
[ 3" [D(X) C(Qu) D(X)] s image representation, we employed an over-complete tighte
= argmin . .
s + 2(log9)" C(Q,) (logs). representation known as the steerable pyramid [29] as tm-fr

. L , . ) . . end linear decomposition. The basis functions of this linea
This objective function may be optimized with conjugatecieat decomposition are spatially localized, oriented and sjpaighly

descent [34]. MUCh_ (_)f the cpmputaﬂon involves m_l"lt'p_ly'n%ne octave in bandwidth. They are polar separable in theiétour
vectors by the precision matrix. Because the precision IRallyomain and are related by translation, dilation and ratatitle

IS bl_ockl-m_rcullant, theze operatk:onfs are copvoluhonfs iy t_)e _fit the FOGSM model to subbands corresponding to the firsescal
efficiently implemented using the fast Fourier transform. BMPi 5 thirg orientation in an 8-orientation decompositidme (peak

ca!ly, we also found that the conjuggte gr.adient iterat'mver.ges orientation angle of this band is a4 radians, relative to the
quickly: After roughly 300 steps of iteration for a 54512 pixel horizontal axis)

image, the succgssive relative changes in the objectivetium The neighborhood size of the two component hGMRFs of
are less than 16°. L ﬁhe FoGSM model (corresponding to variablesand logz)

Steps (i) and (iij) in (7) correspond to estimating modelqre chosen by maximizing the cross-validated likelinod:
parameter€Q, and Q; given datajx;, z}!,. Specifically, step (i) ¢t each subband into equal-sized rectangular halvesq fitte
may be simplified to

FoGSM model of a given neighborhood size to one half of the

Qu = argmaxogp(x,z; Qu, Q,) subband, and then computed the likelihood on the data fram th
Q other half of the subband using Eq. (6). The best performaase
= ar%ma>dog p(X1Z; Qu) observed for 5< 5 neighborhoods, for both hGMRFs. Once the

neighborhood size was determined, the generating kernete w
optimized using the algorithm described in the previougisec
The vectorz, which represents the local signal variance, was
initialized by computing the local variances estimatechimiteach
overlapping 5x 5 spatial window.

argmaxog p(x @ z; Qu) (11)
Qu

where the last line corresponds toraximum likelihoodestimate
of the generating kerneQ, of a zero-mean hGMRF giveiN
independent samplgs; @ \/z—i}i’il.

Similarly, step (iii) may be simplified as
B. Decomposition and parameters

Q& = ar%TaMog P(x.Z Qu: Q) (12) Shown in the top row of Fig. 2 are the results of decomposing
= argmaxog p(z; Q,) a subband from the “boats” image according to the fitted FOGSM

Q. model. Specifically, the subband (left panel) is decompostx

= arnga>dog p(logz; Q) the product of theu field (middle panel) and the/z field (right

panel, in logarithm) using the training algorithm descdilie Sec-

which is themaximum likelihoocestimate of paramete®; in a tjon |11-A. Visually, we can see that the changing spatiaiances
hGMRF on logz given independent sampldtogz ;. Again, are captured by the estimated lbgand residual homogeneous
both steps allow féicient computation based on the properties aftryctures are captured by the estimatedThe second row in
block circulant matrices. The details of parameter esionafor Fig. 2 are the marginal histograms of each field in the log doma
hGMRFs are provided in Appendix B. plotted against a Gaussian density of the same variance. tNat

Sampling from FOGSM is simple andfieient. By definition,  the marginal distribution afi is well approximated by a Gaussian,
a sample of FOGSM is formed by element-wise multiplicatién o5 assumed in the FoGSM model. The marginal distribution of
two independent samples of and vz. The former is obtained |oq7 while unimodal, exhibits noticeable deviations from Gaus
by sampling from hGMRFu, and the latter is obtained by sjanity. In particular, it is clearly asymmetric, and thiperty
element-wise exponentiation of the square root of a sample gems to be consistent across a variety fietént subbands and
hGMRF logz. Sampling from each two-dimensional hGMRF igmages.
implemented by linearly transform a sample of white Gaussia ghown in the bottom row of Fig. 2 are the estimated 5
noise, which is againficient due to the computational advantagegenerating kernel§, andQ,. The former reflects the orientation
of block circulant matrices. We provide basic descriptiohthese anisotropy of hGMRFu, which is matched to the orientation
operations in Appendix C and more information can be found {ning of the subband. On the other haqy, shows only weak
[32]. orientation preference. We could interpret this to indicduat the

MRF for logz is close to isotropic. However, visual inspection of
IV. M ODELING MULTI-SCALE IMAGE SUBBANDS WiTH FOGSMs the logz field suggests that the MRF frequently exhibits strongly

In this section, we investigate empirically how well a FOG&M oriented content, but that this content is inhomogeneaes (he

able to account for the statistical properties of subbartficeents orientation is diferent in diterent image regions) and thus cannot
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Fig. 2. Top: Decomposition of a subband from image “boat” (left) into aM& u (middle) and the corresponding multiplier field Ipdright). Each
image is rescaled individually to fill the full range of gragfe intensitiesMiddle: log marginal histograms of, the estimated: and the estimated lag
Dotted lines correspond to Gaussian density of the same regrvarianceBottom: 5 x 5 central non-zero regions for the hGMRF generating keroéls
the estimateds and logz fields.

be captured by a homogeneous GMRF. Furthermore, one can sde addition to the marginal statistics, the FOGSM model also
that the estimated and logz are not independent, as assumed blyas joint behaviors that are similar to those observed intimul
the FOGSM model, but have aligned structures (typicallgiagi scale co#ficients of photographic images. Shown in Fig. 4 are

from image contours). the joint and conditional histograms of synthesized samfitem
the FOGSM model estimated from the same subband used to
C. Statistics of FOGSM samples generate the histograms in Fig. 1. Note that histograms ef th

. . synthesized samples have a dependence on spatial proximity
The statistical dependencies captured by the FOGSM model ¢gnyjjar to those of the image data shown in Fig. 1. This baavi
be further illustrated by examining marginal and joint SIS  ,ises directly from the structure of the FoGSM model. The

qf _samples from the fitted mo‘?'e_'- Note that this is achieved BY,qom fieldz is smooth, and thus nearby components have nearly
fiting the global FOGSM statistical model to a subband, anfepicy marginal variance, resulting in an ellipticatipntoured

then drawing samples from this model, not by explicitly aijug joint density, and strong dependency betweenffents. This

parameters to fit the marginal or joint histograms (as WaSEdOHependency is propagated from neighborhood to neighbdrhoo
in [16). , , o in the FOGSM model, but weakens with distance. On the other
We begin by comparing the marginal distributions of thg,ng note that the dependencies betweeffic@ts representing
samples and the original subband. Figure 3 shows empiricale ent orientations or scales are not properly modeled,useca
histograms in the log domain of a particular subband froye pave ysed an independent FOGSM to model each subband.

four different photographic images (dashed line), and those ;s is evident when comparing the fourth and the fifth colamn
the synthesized samples of FOGSM models learned from e%ﬁh:igs. 4 and 1.

corresponding subband (solid line). For comparison, a Sans
with matching standard deviation is also displayed (thishdal
line). Note that the synthesized samples have conspicuons n
Gaussian marginal characteristics, exemplified by the piggk
and heavy tails, similar to the image subbands. On the otlred,h  Finally, Fig. 5 shows samples of logz, andx drawn according

the synthesized cdigcients are typically less kurtotic than theto a FOGSM model whose parameters were fit to the subband
real subbands. The shape of these marginal densities &tetict shown in Fig. 2. Theu field resembles that of the subband, but
by thez field, which is a hGMRF transformed with a point-wisethe z field is seen to lack the extended structures seen in the data.
exponential link function. An alternative choice of linkrittion  Thus, the FOGSM model fails to fully capture the inhomogerseo
could be used to create distributions closer to the obsewa®dlet long-range interactions that arise in images around cositou
subbands. extended features.
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log p(x)

Fig. 3. Marginal log distributions of cdéigcients from a multi-scale decomposition of four photogiapmages (dashed line), synthesized FOGSM samples
from the same subband (solid line), and a Gaussian with thne séandard deviation (thin dashed line).

closeA =1 nearA = 4 far A = 32 orientation

Fig. 4. Joint distribution of pairs of subband €o@ents obtained from samples drawn from the best-fitting $iGmodel. See the caption of Fig. 1 for
explanation.

Fig. 5. A sample from the hGMRFs with parameters shown in Eig.

V. APPLICATION TO IMAGE DENOISING inverse wavelet transform to the denoised subbands. Shee t

be used as a prior for Bayesian estimation of an image given g#oband of the noisy image, whexés the clean wavelet subband

observation corrupted by additive white Gaussian noisenofwn @nd w is the noise that is added to the subband. Note that in
variance. In addition to its practical relevance, imageoiing @n over-complete representation such as steerable pyrarite

is a simple yet powerful test for theffectiveness of an image Gaussian noise in the image domain is transformed into lede
model, providing a clear quantitative test of how well thedaio Gaussian noise, whose covariance can be computed fromdiee ba

can diferentiate photographic image content from noise. functions of the transform.

) A standard approach to denoising is to formulate it as a
A. Algorithm Bayesian inference problem, selecting an estimate basetieon
We follow a conventional methodology, decomposing theeatoisposterior densityp(xly), which is proportional to the product of
corrupted image into wavelet subbands, computing an egimghe likelihood functionp(y|x) and the image priomp(x). Two
of the codficients of each subband using the FOGSM model a®lutions are common. Theaximum a posteriofMAP) estimate
a prior, and then generating the denoised image by applyieg is the mode of the posterior densifuap = argmax log p(xly),
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whereas theBayesian least squarBLS) estimate, which min-  2) Optimization ofz: Given the current estimate of, the

imizes the expected square error between the restored imagémization ofz in (13) can be written as

and the original image, is the mean of the posterior density

XsLs = E(x]y). Both of these solutions involve computationally

expensive (high-dimensional) integration when used witG §M argmax{log p(ylx, z) + log p(x, Z) — log p(y)} .

model. Specifically, MAP requires a high-dimensional im&g z

over z, while BLS requires high-dimensional integrals over botlthe last term may be dropped because it is independentasfd

x andz. the first term is dropped singeis independent oz when condi-
Although it is possible to obtain approximations to thesgoned onx. Thus, the problem is reduced to argmimg p(x, 2),

solutions using Markov chain Monte-Carlo sampling [26] ariv which may be computed as in step (i) of the learning procedure

ational approximations [35], we instead develop a detdstiin of Sec. IlI-A.

algorithm that takes advantage of the hGMRF structure of the3) Acceleration: The alternating optimization ok and z is

FoGSM model. Specifically, we compute guaranteed to converge to a local optimum of the objective

function in Eq. (13), but the convergence speed can be vew. sl

To accelerate convergence, we include a heuristic “iferizp

after every two steps of the optimization loop. Specificathe

and then také as the denoised subband. This strategy, known agRyorithm takes a step in the direction established by thinap

“partial optimal solution” [36], greatly reduces the contgtional  y4jyes of the previous two iterations, with the step sizéndged
complexity of the problem. The solution to the optimizationyccording to:

problem in Eq. (13) is found by coordinate ascent. Startinify w

initial values forx andz, the algorithm proceeds by alternating{

between the following steps: argmaxlog p(y((k) + &8 — kD 50 4 420 - 2(k—1))| y)
1) Optimization ofx: Given the current estimate o, the @€(0.ama)

optimization ofx in (13) can be expanded using Bayes’ rule: Intuitively, such a jump ensures that the optimization does

oscillate back and forth within a narrow valley of the objeet

function. In practice, as shown in the following experinggrit

argmaxog p(x, zly) =
z

(X, 2) = argmaxog p(x, z|y) (13)
X,z

D) 5lks1)y

argmaxog p(x, zy)
X

= argmaxlog p(y|x, z) + log p(x|z) + log p(z) — log p(y)} achieves a substantial reduction in the overall running tohithe
X algorithm.
= argxmax{log p(ylx) + log p(x|2)}, 4) Parameter estimation (optional)The denoising algorithm

described thus far assumes the model param&grand Q, are
where the first term is S|mpI|f|ed becawsandz are independent known. These model parameters can be learned ggr@ric
when conditioned orx, and the last two terms are droppedtatistical model for wavelet céicients from a large set of noise-
because they do not depend »nGiven the Gaussian structurefree photographic images using the algorithm provided ictiSe
of the first two terms, the maximum is linear in(equivalent |j|-A. The advantage of a generic image model approach it tha
to a Wiener filter). Specifically, we must minimize a quadratithe training can be performedtiine, which may greatly reduce
expression: the overall running time. Alternatively, these parameteas be
(v = X)T CCw) Xy - X) adaptively learned by including a parameter estimatiop stehe

i loop of the denoising algorithm
argxm'”{ + X" D(V2) 1 C(Qw) D(VD)x e M 5

, , , , , QY. Q%) = argmaxog p(x¥. 2¥ly; Q. Q) (14)
where the noise covarian€®C,,) is a block-circulant matrix de- Qu.Qz
termined by a generating kerr@l, that represents the convolutionas i Section 11I-A. The FOGSM model paramete@,(Q,) are
by which the subband is obtained from the image pixels. Noi&timated from hGMRFk o VZ® and[log Z(k)], as in steps (ii)
that althoughC(Cw) may be sparse (zero beyond the support @fng (iii) of Eq. (7). Adaptively learning the parametersoai
the filters), the inverse af(Cy) can still be dense. It is thereforene model to better account for the local structure of thegiena
computationally advantageous to work wiiCy,) rather than its i question, thus potentially leading to better perfornean/e
inverse. For this reason, we introduce C(Cy)~'x, and find the compare the relative performance of these two training reelse

optimal t by solving in the following experiments.
argmin (y = CCw)HY" C(Cw) My - C(Cw)1) .
A + 1T CCW)T D(VZ) L C(QL) D(V2) L C(Cu)t B. Experimental setup

We evaluated the FOGSM denoising method on a set of standard
grayscale test images [17]. All images are of size 25B56
or 512x 512 pixels and in 8-bit TIFF format. Noisy images
[ tTeECt —2y"t were generated by adding simulated white Gaussian noise. We
argtmm{ + T CC)T D(VDLC(Q) D(VDLCCut evaluate the denoising performance by visual inspectisrwell
as the conventional objective performance known as peglabi
Note that this the objective function is quadratid,jiguaranteeing to-noise-ratio (PSNR), defined as 20]g@55/c¢), with o the
a global optimal solution. We compute the optimum using comstandard deviation (computed by averaging over spatiatipo}p
jugate gradient descent, and then recover the optikrthrough of the diference between the restored image and the original
the relationshigk = C(Cy)t. image.

or, expanding the first line, and dropping the term indepehdé
t:
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Each noise-corrupted image was first decomposed into & stedr14.15 dB. We have chosen a relatively high level of noise,
able pyramid with multiple scales (5 levels for a 54212 image in order to provide a clear visualization of the capabitiend
and 4 levels for a 25& 256 image) and 8 orientations. Thesdimitations of the model. To better examine the details o th
values were chosen empirically as a tradiebztween denoising denoising results, we show in Fig. 8 and 10 cropped regions of
performance and computational load. The resulting reptaien each of the corresponding images in Fig. 7 and 9, respegtivel
is approximately 11 times over-complete, relative to thiginal For these examples, the FOGSM denoising achieves suladtanti
image size. The Markov neighborhoods for hGMRFand logz  improvements{0.95 and+0.68 dB) and is seen to exhibit higher
were both chosen to cover 65 blocks of cofficients, since contrast and continuation of oriented features. Howeve® $M
this was found to be optimal for representation of clean iesag also introduces some noticeable artifacts in low contragions,

We verified that this specific choice was also roughly optimavhich are likely due to failures of the FOGSM model to captaite

for the best denoising performances acroskerint images and statistical properties of photographic image waveletfiodents.
noise levels. The model parameters were obtained by tginiRor example, cd@cient amplitudes are known to be correlated
the FOGSM model adaptively for each subband as describedacross scale (see Fig. 4, right panel). If represented dyojpleis
Section V-A, with initial parameter values chosen to reprngés correlation should allow the denoising algorithm to redagn

a smooth and isotropic GMRF. The initial values»ofindz are isolated large cd#cients as noise, since (unlike photographic
computed from subband denoised with the local GSM model [1Tinages) they will not have corresponding large-amplitude c
efficients in adjacent bands. But the current model treats each
subband independently, thus allowing these isolateétic@nts to
remain as unsuppressed artifacts. In addition, thesaeiimay

Denoising results for six test images, at seveffiedent noise also be aggravated by the use of a MAP-like estimator. A local
levels, are reported in Table I. The standard deviationsSNMIR MAP-GSM estimator produces similar unsuppressedfients,
values for each image and noise level, computed by repeatingen compared to the smoother behavior of the local BLS-GSM
the each denoising experiment 10 times witffedent samples of estimates.
noise, are consistently lower tharl@B. In addition to the results  The denoising performance obtained with FOGSM is attained
for our FOGSM algorithm, we also provide denoising resultthe with a substantial computational cost. As a rough indicatimur
BLS-GSM method [17]. This algorithm computes the Bayestleagnoptimized Mrras code, running on an Intel workstation with
squares estimate (i.e., conditional mean) of individuattitients 2.6 Ghz dual Opteron 64-bit processor and 16 Gb RAM memory,
based on a local GSM model. The comparison with FOGShMkes on average of & mins (results averaging over 9 trials,
allows us to assess the gain in performance that is obtaingih a range of [718,1244] mins) to denoise a 512512 image
by building a global model. We employed the implementatiogt noise levelr = 50, and takes on average of.35nins (result
described in [17], which assumes a neighborhood consisting averaging over 4 images, with a range of 28479] mins), to
3 x 3 spatial neighbors plus a “parent” dbeient in the next denoise a 256256 image at the same noise level. Itis likely these

coarsest scafeFinally, we provide results of the current state-ofyalues could be improved by incorporating additional aeelon
the-art denoising method, BM3D [37]. The PSNR values fos¢he heuristics.

methods were directly taken from corresponding publicetio

Note that the FOGSM algorithm achieves consistent improve-

ments in PSNR over the local GSM based algorithm (averaf®e Algorithm variations

improvement is (52dB), clearly demonstrating the advantage of In order to understand the contribution of various aspetts o

a gflobally con??;[]entl:stggijlmal moge_l. On the ot’grer hahdt’_ the FOGSM-based denoising method, we examined theirvelati
periormance of the o method is comparable (sometim ect on the denoising performance. Shown in Table Il are the

better, somt_et!mes _vvc_)rse) to that of BM3D, which is _not basec anges in PSNR and running time when various features of the
on any exD“(.:'t. statlst|call model. In genera!,. BM3D religs the method are modified. All results are for noise level= 50
image containing repeating patterns (specifically, mawoghks of and averaged over three 542512 images (“boats’, “Lena’,

pixgls that are similar). Thus it performs best on images Veitge “Barbara”). The first two columns correspond to modificatian

refglpnﬁ of the ts?_me texturjeH(e.g.,” Bargara ? or I(l)ng lfunio the front-end representation. The firsttho wvlf) corresponds to

ot simiiar .?:Zr.] ation (e'gt]" " ouse )b ant "per ?[ms “ess von using an approximately orthogonal wavelet decompositiased

Images WI6 |vers:a COE en ée.g., O?S » Or er:caf). on quadrature mirror filters [40]. The separable QMF pyramid
In Fig. 6 we plot the PSNR performance of four recerEplits the image frequency domain into horizontal, vertiad

denoising method; relatiye to that of FOGSM. The perfof, g diagonal subbands. Using this representation segula
mance of FOGSM is consistently better than those of the kSV. bstantial reduction in performance, which we believealy

method [39), the BLS-GSM method [17], and the fields of emersue to the mixed orientations in the diagonal band, and ypartl

(Fi?'E% 271, anld (on average)hcompara?lito those of BM3D,[37 ue to the lack of over-completeness which generally imgsov
which currently represents the state-of-the-art. denoising [41], [42].

”Negtﬁ we gxalip|ne7 andd clgmpgre thfh denO'S;Pg rfezults VISUThe second columm(orng shows the result of using steerable
afly. shown ih Fg. 7-and "ig. = are the resutis o erlo's"gyramid decomposition with only four orientations (insteaf

C. Results

the_ EB;grbara |mag§_ anfl the b(')(at_s |n|1tage \.N'th r;_()lseplse’\\l/ ght). Decreasing the number of orientations leads torafgignt
o = 50, corresponding to a peak-signal-to-noise-ratio ( op in performance, accompanied by a substantial reductio
2A MAP based denoising algorithm based on the local GSM mods Wm running time. On the other hand, Increasing the number of

developed in [38]. However, its performance was signifiganbrse than the Ofi€ntations (not Shown_) leads to small improvements in RSN
BLS method published in [17]. at the expense of considerable computation cost.
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Barbara Lena Boats
0 o ¥ 0 1
-1 -1 -1 1
@ o o
=z =z p=4
[2) [2) 0
a2 o 2 S ) ]
< < <
-3 -3 -3 1
-4 -4 -4 1
51015 25 50 75 100 51015 25 50 75 100 51015 25 50 75 100
[e) [e) [e)

Fig. 6. Performance comparison of denoising methods feethiiferent images. Plotted arefidirences in PSNR for fierent input noise levelsr) between
FoGSM and four other methods BM3D [37], % BLS-GSM [17], ¢ kSVD [39] anda FoE [27]). The PSNR values for these methods were taken from
corresponding publications.

original image noisy imageo(= 50) (PSNR= 14.15dB)

local GSM [17] (PSNR= 25.45dB) FoGSM (PSNR: 26.40dB)

Fig. 7. Denoising results using local GSM [17] and FOGSM.
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o/PSNR Barbara 51 512 boats 512 512 hill 512 x 512
FoGSM GSM BM3D| FoGSM GSM BM3D| FoGSM GSM BM3D
5/34.15 38.65 37.79 3831| 37.39 36.97 37.28| 37.16 36.91 37.14
10/28.13| 35.01 34.03 34.98 34.12 3358 33.92| 33.78 33.38 33.62
1524.61| 32.85 31.86 33.11 3231 31.70 32.14| 3199 3151 31.86
2520.17 | 30.10 29.13 30.72 30.03 29.37 29.91| 29.91 29.37 29.85
50/14.15| 26.40 25.48 27.17 27.01 26.38 26.64| 27.38 26.82 27.08
7510.63 | 24.29 23.65 25.10 25.33 2479 2496| 25.93 25.46 25.58
1008.13 | 23.01 22.61 23.49 2420 23.75 23.74| 24.88 2453 24.45

o/PSNR house 256« 256 Lena 512« 512 peppers 25& 256
FoGSM GSM BM3D| FoGSM GSM BM3D| FoGSM GSM BM3D
5/34.15 | 38.98 38.65 39.83 | 38.66 38.49 38.72 | 3791 37.30 38.12
10/28.13| 35.63 3535 36.71 | 3594 3561 3593 | 3438 33.73 34.68
1524.61| 33.89 33.64 3494 | 3428 3390 3427 | 3234 3170 32.70
2520.17| 31.64 3140 3286 | 3211 31.69 3208 | 29.78 29.18 30.06
50/14.15| 28.51 28.26 29.37 | 29.12 28.61 28.86| 26.43 2593 2641
7510.63| 26.69 26.41 27.20 | 27.37 26.84 27.02| 2453 24.11 24.48
1008.13 | 25.33 25.11 25,50 | 26.12 25.64 25.57| 23.17 2280 22091

TABLE |
ComPARISON OF FOGSM DENOISING RESULTS WITH THOSE OF THE LOCAL BLS-GSMMETHOD [17], AND THE RECENTLY PUBLISHED BM3D METHOD [37], WHICH REPRESENTS
THE CURRENT STATE-OF-THE-ART. PERFORMANCE VALUES ARE EXPRESSED As PSNR, 20 10g)y(255/07¢), WHERE O IS THE STANDARD DEVIATION OF THE DIFFERENCE BETWEEN THE
DENOISED IMAGE AND THE ORIGINAL IMAGE. NUMBERS IN BOLDFACE INDICATE THE BEST PERFORMANCE AMONG THE THREE METHODS FOR EACH IMAGE AND NOISE LEVEL. CASES IN
WHICH THE TWO BEST METHODS DIFFER BY LESS THAN 0.1dB (THE AVERAGED STANDARD DEVIATION OF THE PSNRVALUES) ARE CONSIDERED A TIE.

original image noisy imageo(= 50) BLS-GSM FoGSM
(PSNR= 14.15dB) (PSNR= 25.45dB) (PSNR= 26.400B)

Fig. 8. Zoom-up regions of the images in Fig. 7.

ortho wvlt | 4 orns| 3x3 nb | 7x7 nb | gen param| no accl
APSNR (dB) -0.47 -0.32 -0.07 -0.17 -0.39 0.01
At/t (%) -62.8 -52.6 -1.2 25 -41.7 163.8
TABLE Il

EFFECTS OF DIFFERENT ALGORITHM VARIATIONS. APSNRSPECIFIES THE CHANGES IN PSNRRESULTING FROM A CHANGE IN THE CORRESPONDING ATTRIBUTE. AT/T SPECIFIES THE
PERCENTAGE OF CHANGE IN RUNNING TIME RELATIVE TO THE RUNNING TIME OF THE STANDARD ALGORITHM DESCRIBED IN SECTION V-C. ALL VALUES ARE AVERAGES OVER THREE

512x 512maces (“Boars”, “L ENA”, “B ARBARA”) FOR THE NOISE LEVEL 0~ = 50.

In the next three columns, we examine thffeets in the set of noise-free images (not including the three test impge
FoGSM model structure. We first compared tliieet of diterent This leads to a significant reduction in the computationait cd
choices of MRF neighborhood size 83 and 7x 7). As denoising an image, since the parameter learning step mgion
shown, changing neighborhood size has relatively litffe@ needs to be included in the denoising process. However, this
on the overall running time, but the PSNR values were low& accompanied by a significant loss in denoising performanc
for both neighborhood sizes, justifying our choice of th& 5 (an average PSNR reduction of approximateldB), since the
neighborhood (at least for this image and noise level). & tlyenerically learned model parameters are less adaptedeto th
fifth column @en paran), we compared the result offfdine idiosyncrasies of the specific imggabband being denoised. The
training of the Qu, Q,) parameters of the FOGSM model on dast column (o acce) shows that the accelerating heuristics
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noisy imageo(= 50) (PSNR= 14.15dB)
] .— :. Fi pr—

local GSM [17] (PSNR= 26.34dB) FoGSM (PSNR: 27.02dB)

Fig. 9. Denoising results using local GSM [17] and FoGSM féterances are evaluated in peak-signal-to-noise-rat®@N@®), 20 logy(255/0¢), whereoe
is the standard deviation of the error between the restonegjé and the original image.

original image noisy imageo(= 50) BLS-GSM FoGSM
(PSNR= 14.15dB) (PSNR= 26.34dB) (PSNR= 27.01dB)

Fig. 10. Zoom-up regions of the images in Fig. 9.

introduced in previous section significantly improve thamimg MRF structure of the hidden variables in the FOGSM model also
time of the denoising procedure, while having a negligiltfee differentiates it from mixture models with tree-structureddeia
on PSNR. variables [19], [20]. These models have the advantage dioétkp
capturing cross-band dependencies, but thejesdrom spatial
VI. RELATED MODELS inhomogeneities introduced by the tree partitioning.

The local GSM model that underlies the FOGSM is closely As a global MRF-based image model, the basic architecture
related to other local hidden variable models for images[#], of FOGSM diters from existing non-Gaussian MRF image mod-
[8], [31], [44], [43]. However, the use of MRFs in the FOGSMels [21], [23], [24], [27] in that it is not defined by speciftzn
allow it to extend to images of arbitrary size in a statidtica of clique potentials, but through non-linear compositidntweo
consistent way, while the local scale mixture models areresshGMRFs. On the other hand, FOGSM has some resemblance to
tially confined to describing small image patches. The ugiey the compound Gauss-Markov random fields model for images
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[22], which is formed by modulating a homogeneous GMRRhereF is a matrix containing the DFT basig] is the complex-
with a binary line process that indicates the existence of a@onjugated transpose (used to compute the forward DFT), and
edge between two spatial locations [21]. A modified versio)(§) is a diagonal matrix containing thd-point DFT of g.
proposed in [36], treats the hidden variables as independleis Since the DFT may be implemented wit(dlogd) operations,
simplifies computation, but may lead to a loss in performance this expression often provides arffieient implementation of
applications. convolution withq.
Representation of two-dimensional convolutiorsg( for im-
VII. Discussion ages) requires a second-order circulant (also cdlledk circu-

We have introduced fields of Gaussian scale mixtures adat) matrix, which can be constructed by recursively applying
flexible and @icient tool for modeling the statistics of waveletthe circulant structure. Analogous to the circulant matiie two-
codficients of photographic images_ We developed a feasible &jmensionm DFT of the shifted SymmetriC reflection@hre the
rameter estimation method, and showed that samples sjzeteseigenvalues of(Q), and the corresponding two-dimensional DFT
from the fitted FOGSM model are able to capture structures f@sis vectors are the eigenvectors. And again, the comvolut
the marginal and joint wavelet statistics of photographiages. theorem provides anfigcient means of implementing matrix
And we have applied the FOGSM to image denoising, arfgultiplication by the circulant matrix. For a full accounf o
demonstrated performance comparable to current stateeedst the properties and computations of circulant and blockutart
denoising methods. matrices, readers are referred to [47].

We envision, and are currently working on, a number of
improvements. First, the model should benefit from the dum
tion of more general Markov neighborhoods, including watel
codficients from subbands at other scales and orientations [6]/A zero-mean 2D hGMRH of dimensionN x M is completely
[17], since the current model is clearly not capturing thegéetermined by the generating kern@ of its block circulant
dependencies. A natural means of achieving this is to alld¥ecision matrix. The density af can be expressed as:
different subbands to share the same hidden scaling field, githou
this may substantially complicate the learning and infeeen o(u) = 1C(Q) exp(—}uTC(Q)u)
algorithms. A possible remedy is to capture these crods-sca (2m)mn 2

dependencies with a coarse-to-fine conditional model. i8kdbe . . .
logarithmic link function used to derive the multiplier fiefrom where we have abused notation a bit by usintp represent the

a hGMRF was chosen somewhat arbitrarily, and we believe tﬁ/e[ctpnze,d MR,F' Assum|,ng a rectang’ular Markqv n§|ghb:rl 00
o . . of sizeN’ x M’, whereM’ < M and N’ < N, estimation ofQ
substitution of another non-linear transformatiang( a power o K .
. ..~ cprresponds to the determination of the cenMalx M’ entries
law, as in [19]) could lead to a more accurate description

marginal and joint image statistics. Finally, there exessidual ?all gthers must .be zero). K :
inhomogeneous structures in both tbeand logz fields (see Given a set of |nd_ependent samp_les_upfuk}k:l, the _gen_eratlng
Fig. 2) that can likely be captured by explicitly incorpénatlocal kernel Q can be estimated by maximizing the log likelihood:
orientation [45] or phase [46] into the model. Finding tedate K
models and algorithms for handling such angular varialsebal- L(Q) Z log p(u)
k=1
2 10g1C(Q) -

APPENDIX B: PARAMETER LEARNING FOR 2D HGMRF

lenging, but we believe their inclusion will result in sudnstial
improvements in modeling and in denoising performance. KMN

2

1 &

.
log 27 - 5 D U C@Qu.
APPENDIX A: CIRCULANT AND BLOCK CIRCULANT MATRIX k=t

Given ad-dimensional vector (known asgenerating kerngl Using the eigen-decomposition property of block-circtilmatrix,
and neglecting the constant term, we can write a modified

d = (9-1g/25*** »0-1,00, O, -+ » Qtj2j-1)"s likelihood function as:
a dxd circulant matrix is constructed as . K < e 1 K . -
© @ & - Ga Q@ = 3 1oglF DIOFI-3 ), WP DIQF i
1 Qo G -+ 02 K 1K
Cla)=|%2 %1 G -~ 43 = S logl D) -5 > i D(Q)iik,
: : o : 2 2 k=1
: : : ' K MN Lo K
h G O % = 3 Z log & — 52,9 Z(ﬁk)i?_
The rows ofC(q) are circularly shifted copies af", and multi- i=1 i=1 k=1

plication of C(g) with a d-dimensional vectou is equivalent to
convolving vectorsg and u, with circular (Dirichlet) boundary
handling. The basis functions of ttetsample discrete Fourier
transform (DFT) form a complete set of eigenvectors for a
circulant matrix, regardless of the choice of generatinqnédq.
Thus, an alternative means of multiplying by the mattifq)
(generally known as theonvolution theoremis

whereii = FTu, the DFT ofu. The optimalQ is then obtained by
maximizing L(Q) subject to the constraint that the solution must
be a symmetric and positive definite matrix. It can be shown
r‘%at L(Q) is a convex function, and the constraints form a convex
set in the feasible space @. Thus, solving for the optimal
Q is a convex optimization problem and there are a variety of
iterative solutions that are guaranteed to converge to kbieat
c(@) = F D(G)F’ optimum [48].
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AppENDIX C: SampLING 2D HGMRF

A sample of a zero-mean 2D hGMRFof dimensionN x M
with precision C(Q) can be obtained from a sample of white15]
Gaussian noisa of the same dimension, by computing

(15)

u= FZ)(\/B)l Ffw,

[16]

That is, compute the DFT of the noise, divide (element-wise) [17]
the square root of the DFT of the desired generating ke@el,

and then invert the DFT. A similar algorithm has been used for

texture synthesis [49] as well as for Monte Carlo sampling fg,g)
image restoration [50].

It is easy to verify that the resulting MRF has the desired
covariance structure:

where we have used the Hermitian property of makiand the

E(uu") E[F@(\/S) l F*waF*z)(\/a)l F}
F D(\/a)l F'E(ww') FTD( \/6)1 F

Fo(Q) F =c@™

fact thatE(ww') = 1.
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