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1 Introduction

This document includes formal proofs of in NIPS 2010 submission titled “Divisive Normalization:
Justification and Effectiveness as Efficient Coding Transform”. For convenience, we keep the same
order of lemmas as in the main submission, and mark supporting results as additional facts.

2 Basic Notations

x € R? d-dimensional vector data
r; €R 1th element of vector x
x\; € RT=1 | vector formed by excluding the i element from x
()+ Rectifying function, (a); = a fora > 0 and (a)y = 0 fora < 0
r(B) Gamma function, I'(3) = [~ v’ ~!exp(—u)du, 3 > 0
U(5) Digamma function, ¥(3) = % logT'(B),8 >0
N (u) Standard Gaussian density for u € R, as N'(u) = W exp (—3u'u)
py-1(z;a,3) | Inverse Gamma distribution, pﬂ, 1(2) = 25‘1&([3),2 F=Lexp (—3 ) 8>1a>0
H(x) Differential entropy of x, H(x) = — [ p(x) log p(x)dx
I(x) Multi-information [7] of x, I(x) = [, p(x)log %dx

3 Properties of Gamma Function and Inverse Gamma Density
Fact1 (/2]) f(;)o 270" texp (=) dz = a"T'(b) fora > 0 and b > 1.

Proof (Fact 1): First, we change variable u = a/z to have 2 = a/u and dz = —a/u?du. Replacing
2 with u in fooo 2z~ Texp (f%) dz, we have

e3¢} a 0 a et
/ 27" Lexp (77> dz = —/ a7 lubt exp (—u) —du = a*b/ u"t exp(—u)du.
0 z 00 Y 0

Note the integral in the last step is I'(), the result is proved.

Fact 2 The mean and mode of the inverse Gamma density p,-1(z; v, 3) is 2(5‘* ) and (5+1)
respectively. Furthermore, the mean of 1/z under the inverse Gamma density is 23/ a.

Proof (Fact 2): We discuss each case individually.

1 The mean of z is given as

e "o o’ @ a’ o @
1 (z: dz = . —6-1 =V dz = / -8 _=
/0 2py-1(z; 0, B)dz /o z Qﬁf(ﬁ)z exp ( 22) z (3 J, z Pexp ( 5y




Using Fact 1, the last integral equals to (a/2)~(*~DT(3 — 1). Canceling terms, and using
the property of Gamma function that T'(5)/T'(8 — 1) = 8 — 1, we obtain that the mean is

a/[2(8 = 1)].
2 The mode of z is argmax, p,-1(z; o, 3) = argmax, log p,-1(2; o, ). We have
logpy-1 (31, 8) = log @ —og 2°T(8) = (B + 1) log = — .,
z

whose derivative with regards to z is — LA 5= Setting the derivative to zero and solving for

z, we obtain that the mode is a/[2(5 + 1)].
3 The mean of 1/z is given as

o0 I6] [es]
1 . _ « —B-2 _ o
/0 27 py-1(z 0, B)dz 7251“(5) /0 z exp ( —22) dz.

Using Fact 1, the last integral equals to (a/2)~(**VT(3 4 1). Canceling terms, and using the
property of Gamma function that T'(5 + 1) /T'(5) = 3, we obtain that the mean of 1/z is 23/ .

4 Properties of Multivariate t Model

Fact 3 ([3, 5]) The isotropic multivariate t model is a Gaussian scale mixture formed by an inverse
Gamma mixing density and a standard Gaussian density, as:

af —B—d/2 >
s a7 [T N (s )

()

Proof (Fact 3): First, we expand the joint dentsity of x and z as
) 1 1, a? -1 «
N(x/Vz2)py-i(za,0) = L exp (—2Zx x) Wz exp (—g)
a? 1
= —B-d/2-1 - ’
(27r)d/225F(6)Z exp( o (a+xx)> .
Using Fact 1, with b = 3+ d/2 and a = % (a + x'x), we have

0o 1 1 —A—d/2
/ pP=d/2=1 oy (— (a+ x’x)) dz = ( (a+ XlX)) I'(8+d/2).
0 2z 2

Putting all terms together, we have

o] 06’8 1 , —p—d/2
/O N(x/Vz)py-1(z0,B)dz = (@m) 2271 (3) (2 (OH‘XX)) (B +d/2)
BT (B + d/2) 1

m4/2T(13) (o + x’x)m'd/2 .

Note that Fact 3 can be extended to multivariate  models with non-diagonal covariance matrix by
the simple technique of “unwhitening” that restore the covariance matrix.

Definition 1 ([6]) A density p(x) is known as re-normalizable if any marginal density of a subset of
vector X has the same parametric form (though may be with different parameters) as p(x).

Gaussian density is an example of re-normalizable density. Indeed, isotropic Gaussian is the only
density that is re-normalizable, factorizable into mutually independent components, and rotation
invariant at the same time, a fact known by Maxwell in the 1870s!

Fact 4 Multivariate t models are re-normalizable. Specifically, the 1D marginal density for z; of a
d-dimensional t model is a 1D t model as:

aPT (B +1/2) 1
TPT(B)  (a+xx)P

pe(zi o, B) =



Proof (Fact 4): First, we write out the marginal density of x; according to its definition as:

T d/2 —f—d/2
(xza 7&) / Dt (X; a, ﬂ)dx\z = W / ((CK + ) + X\zx\z)
X\ X\i

i

dX\,L'
Note that the term inside the integral is the unnormalized t model for (d — 1)-dimensional data x\;,

with o/ = o+ 22, and 3’ = 3 + 1/2, whose normalizing property states that

(o + 22)PHY2T0 (B4 d/2) p-d/2
(- 1)/2F(ﬂ +1/2) - ((Oé + X ) + X\ZX\z) dx\i =1,

using which we have

aPT (B +d/2) B—d/2 _dPT(B+d/2)  #@DPP(B+1/2)
o, (e on) T = S e 7

Rearranging terms in the above identity proves the result.
Lemma 1 For a d-dimensional isotropic t vector X, we have

E(zi|x\;) =0, and var(z;|x\;) = (o + x'\ix\i),

_
26 +d—3

where E(-) and var(-) denote expectation and variance, respectively.
Proof (Lemma 1): We show the result in two steps.

1 First, for the conditional mean, using the GSM equivalence given in Fact 3, we have
E(xi|xy) = / Md% - / ]Wm"ﬂ)dz/ 2N (x/v/Z)da; = 0,
T; p(x\i) z p(X\Z) ;
the last step is due to that [z, N (x/y/z)dz; = 0.

2 For the conditional variance, we have var(z;|x\;) = E(z?|x\;) — [E(z:]x\;)]? = E(2?]x;).
Hence, we need to compute

By o de TOC0 O [ (0, ) [, N/,
Ti|xX\;) = .
i 1%\ fx pe(x; o, B)dx; J.py-1 (20, B) dzf N(x/\/z)dx;
Next, using the property of a Gaussian density, we have fwl 22N (x//z)dz; = 2N (x\;//Z)
and [ N (x/v/z)dx; = N(x\;/y/7). Substituting these results into that of E(x7|x\;), we have

2 - fz Zp’y_l(z;aaﬁ)N(X\i/\/g)dZ
E(zilx\i) = :
[, py-1(z30, BIN (x\;/\/Z)dz
Next, we use the recursive definition of the inverse Gamma density zp.-1(z;a,3 — 1) =

agl(“ﬂ(g)l)py 1(z;a, 8 — 1) to obtain

E(a?lx) = D [pyi(z0n - DN (x/vE)d
i1X\i zr(ﬁ) [py-1(zie, BN (x\i/v/z)dz

which is further simplified to

Bla?x,;) = a [ py-1(ze, B - 1N (x\;/V/z)dz
TNTRE=1) [opy(zr e, B)daN (x/V2)dz
Using the GSM equivalency of # model given in Fact 3, we see that the numerator is a ¢ model
of d — 1 dimension with parameter o and § — 1, and the denominator is a t model of d — 1
dimension with parameter « and 3. Writing the density explicitly, we have
aPIr(B—1+(d— —(B=1)—(d—
o W(dgf)/;lf((ﬂ_i;ﬂ) (a+ X/\iX\i) (B-1)—(d-1)/2

E(;UZQ‘X\l) = o7 —
T B ) T

After simplification, we obtain E(z7|x,;) = 25-5—71(1—3 (a4 x(;x).



Lemma 2 For the d-dimensional isotropic t vector x with parameters (c, 3), we consider three
estimators of z as: (i) the MAP estimator, 21 = argmax,, p(z|x), which is the mode of the posterior
density, (ii) the BLS estimator, which is the mean of the posterior density Zo = E.|x(2|x), and (iii)

the inverse of the BLS estimator of 1/z, as 23 = (E,x (1/2|x)) . We can express them as

o+ x'x a4+ x'x 1 a+x'x

= S TXX e QXX nd 5= (B (1 - .

h=griary 2T pray B (E.jx (1/2]%)) 251 d
Proof (Lemma 2):

B B
by Pz Gt e 00) iy oo ()
P = ik B) aPT(B+d/2) 1
TI/2T(B) (atx'x)PTI/2

Rearranging terms, we have

B+d/2
(o +x'x) —p—dj2—-1 1 /
96+d/2T (B + d)2) exp | —5; (et xx) ),

which is an inverse Gamma density with parameters o’ = o+ x'x, and 3’ = 5 + d/2.

p(zlx; o, ) =

Now using Fact 2, we have

1 The MAP estimator is the mode of the posterior inverse Gamma density and is then

. o o+ x'x

AToE 1) 28+d+2

2 The BLS estimator is the mean of the posterior inverse Gamma density and is then

. o o+ x'x

2T 1) 28+d—2

3 The mean of 1/z with regards to the posterior inverse Gamma density and is

2(8')  28+d

o a+x'x

a+x’x

Therefore, we have 23 = S64d -

5 Maximum Likelihood Fitting of # Model

Here we describe the procedure to fit the # model to data using maximum likelihood. To simplify
computation, we assume the training data have been centered and whitened, and thus they have zero
mean and their covariance matrix is an identity matrix. Enforcing this constraint on the  model, we
have

I= /xx'pt(x;a,ﬂ)dx: /p,y—l(Z;Ol,ﬁ)dZ/XX/N(X/\/E)dX:I/Zp,y—l(Z;O[7ﬁ)dZ.

z

With Fact 2, we have that [ zp,-1(z;«, 3)dz = Therefore, this leads to a = 2(5 — 1).

@
2(8-1)°
Next, ( is estimated from training data by maximizing likelihood. Specifically, with « removed
from the model, the average log likelihood function for the  model is

N
L(B) = % ZIOgPt(Xn; 2(6—-1),8) = plog2(f—1)+1logT'(B+d/2) - glogw
n=1

N
o r(8) - P2 S 10g(2(8 - 1)+ x,x,).
n=1

Optimal g is the root of the nonlinear equation %L(ﬂ) = 0, which is obtained by a numerical

Newton-Raphson procedure.



6 Properties of the DN Transform

We adopt the standard form of the divisive normalization (DN) transform in the main submission as

x o IxEox
Va+x'x \/a + []x]|2 [1x]]

P(x) = )

Lemma 3 For the standard DN transform given in Eq. (1), its inversion for y € R with ||y|| < 1
is o~ L(y) = Voy . _Wallyll vy

= = o The determinant of its Jacobian matrix is also in close
Vi-lyll? Vi-lyll? Iy

form, which is given by

dp(x)\ «
det( ox ) T (o + x/x)4/2

Lemmad If x € R? has an isotropic t density with parameter (., 3), then its DN transform,
y = ¢(x), follows an isotropic T model [1], whose probability density function is

T (8+d/2

where (-) 4+ is the rectifying function.

1-yyi, ©)

Proof (Lemma 4): First, note that
X x'x ally
Y= syy= EE g = L
Vva+x'x a+x'x Vv1i-=y'y
Further, as x/||x|| = y/|ly||, putting together, the inversion of the DN transform is given by
o~l(y) = Vay  _ _Valyl vy

Vi-lyllz /1=yl I

Next, we write the Jacobian matrix of the DN transform explicitly as:

T (x) 0 X 1 7 1 xx/' 1 xx'

X)) = — = — — .
¢ OxVa+x'x Va+x'x ¢ va+x'xa+x'x  a+xx

Therefore, we have

0 —
o+ x'x

!
det(J(x)) = (o +x'x) % det (Id Ta f;x) |

Now with identity det(I; — vv’) = (1 — v'v) [1], we have

—d/2 x'x a
det(Jy(x)) = (a+x'x)"Y (1 a4 X/X> T (o + x/x)4/2H

Lemma 5 If x € RY has an isotropic t density with parameter (., 3), then its DN transform,
y = ¢(x), follows an isotropic T model [1], whose probability density function is

T (3+d/2
p-(y) = W(f/jr(é))

where (-)+ is the rectifying function.

a-yyi, 3)

Proof (Lemma 5): Relation between densities of transformed random vector gives that p(x) =
p(P(x)) det(Jy(x)), or p(y) = p(x)m. Using the Jacobian determinant of the DN trans-

form given in Lemma 4, we have
ofT (B4 d/2) 1 ) NdJ2 o 7IT (B + d/2) 1
y)= x ala + x'x)4/2+1 = _—
) m2L(B) (o + x'x)P T2 ( ) T20(6) (o +x'x)""

Next, with the inversion of the DN transform given in Lemma 4, we substitute x = gb*l (y) on the
right hand side of the above identity to have

_o* I (31df2) ! DB
Ply) = 7d/20(3) (OH- (1_"‘—3’7'3'4) )671 R m4/2T() - )i .



7 Properties of Multivariate 7 Model

Fact 5 The multivariate T models are re-normalizable. Specifically, the marginal density of y; from
a d dimensional T with parameter (3 model is a 1D T model with parameter 3 + (d — 1) /2, as:

I'(B+d/2) (1= y2) P+
TAT(B+ (d—1)/2) & T+ '

Pr (yz) =

Proof (Fact 5): First using definition, we can write p(y;) explicitly as:

I'(B+d/2) 5 / A-1
pr(yi) = / PT(Yﬁ)d}’i:i/ (1—yi)—yiy 1) dy;
Y\i ) Wd/QF(ﬂ) Y\i < \ \ + \
T3+ d/2) i\
= T ,2)5—1/ (1_ \U 2) dv s
d/2 ( Yi )+ 5 Y\i
Next introduce d — 1 dimensional vector u = ’1'\" =, we have
[1—y2

L (B+d/2)
pr(yi) = —aRT A
m/20(B)

Note that the integral is an unnormalized d — 1 dimensional 7 vector with parameter (3. Therefore
we have

po (i) = I'(B+d/2) (1 y2)f= 102 n=D2r(B)

T () v F(B+(d-1)/2)

After we rearrange terms, the result follows.

(1-

K2

y?)ﬁflﬂd*l)ﬂ/ (1- u’u)i_ldu.
u

8 Entropy and Multi-information of Multivariate # and 7 Models

Fact 6 The differential entropy of a d-dimensional t vector X is

H(x) = o logom + log T(8) —log T(3 +d/2) + (5-+ d/2) [¥ (5 + d/2) — ¥ ().

Similarly, the differential entropy of a d-dimensional T vectory is

H(y) = 5 log +108T(8) ~ logT(3 +d/2) + (8 — 1) [¥ (3 +d/2) ~ ¥ (8)]

Proof (Fact 6): We prove each case separately.

t model. Using the density fuction of # model and the definition of differential entropy, we have
d
H(x) = B logm — Blog a + log'(B) — logT'(6 + d/2)

LB / log(ar + x'x)ps (x; o, B)dx.

X

All we need to compute is the last integral, and we next show that

/ log(a + x'x)ps(x; o, B)dx = log o + V(B + d/2) — V().
First, by the normalizing property of the  model density function, we have
d/2F
1 o\—B—d/2 ™ (ﬂ)
dx = —————.
/X(OZ+XX) X T (3 1 d/2)
Next, take derivative w.r.t 3 to both sides, we have

1 \—B—d/2 / _ 9 wd/QF(ﬁ>
~ [t gt = 2 (O,



then multiply —aT" (8 + d/2)/7%/*T'(3) on both sides to obtain
d/2 8
/log(a‘f‘X'X)pt(x;a”@)dx _ 0 ( 7w *T(B) ) BT (B +d/2)

9B \aPT (B+d/2)) wi20(B)
9, T (B+4d/2)
— %bgw_loga+\I/(ﬁ+d/2)—‘I’(5)~

Last, substitute the result to the entropy computation will prove the result.

7 model. First, using the normalization property of the 7 model, we have
21 (8)
™ B—1
— = 1-y dy.
TG+ d2) /y( yy)y dy
Next, taking derivatives with regards to 5 on both sides yields

d T(p) d / A1 / p-1
a2 & R dy = 1—vy log (1 —y'y), dy.
Then multiplying Er(f/jlii(/ 52)) on both sides further yields:
. ) (B) —w(B+d/2) = /pr(y; B)log (1 —y'y), dy. €
dg " T(B+d/2) y -

Next, logarithm of the 7 model is

log p-(y; B) = logI'(8 + d/2) — logT'(3) — d/2log 7 + (B — 1) log (1 = ¥'y) ;. ,
therefore the entropy is

H(y) =d/2logm +log'(B) — logT'(8 + d/2) — (8 — 1) / pr(y;3)1og (1 —y'y), dy.
y
Next, using Eq.(4) to replace the integral in the last term, the result follows.

Lemma 6 The MI of a d-dimensional isotropic t model (¥ = I) is
1 d
I(x) = (d—1)logT(8) —dlogT (ﬂ—i— 2) +logT (ﬁ—i— 2)

+ d(m;)qf(m;) - <ﬁ+g)\1'(ﬁ+;l) _(d=1)pU ().

The multi-information of a d-dimensional T model with density in Eq.(3) is

fy) = dogr (+ %51 ) ~logT(3) - (4~ DlogT (45 ) + (5~ V()

d d d—3 d—1
-1 ——1|U - - — |V — .
R e G R G M Gy
In both cases, V() denotes the Digamma function which is defined as V() = % logT'(3).
Proof (Lemma 6): To compute multi-information, we use its relation with the differential entropy,
as I(x) = Y.¢_, H(xy) — H(x) and I(x) = 2¢_, H(yx) — H(y). H(x) and H(y) can be

directly obtained using Fact 6. On the other hand, as we consider only isotropic models, we have
H(xyp) = H(x},) and H(yx) = H(y),) for k # k'.

To compute H (xy), we make use of Fact 4 that states ¢ model is re-normalizable, so we can simply
use the parameters from the 1D marginal ¢ density in the entropy given in Fact 6 to obtain,

H(zg) = 5 logam+1ogT(8) ~ log (8 + 1/2) + (5 +1/2)[¥ (5 +1/2) ~ ¥ (3)]

Similarly, H (yx) can be obtained using the re-normalizability of 7 model as

1 d—1 d
H(y;)) = 510g7r+10g1“ <ﬁ+ 2> —logT (ﬁ+ 2>

" <6+d;3) [qf <ﬁ+;l) —m(ﬁﬂigl)}

Putting all these results together and after some tedious algebraical manipulations, we obtain 7(x)
and I(y) as stated in the Lemma.
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