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2 — Basic Probability Definitions
Recall the following definitions:

e Sample Space — the set of outcomes we are
selecting from.

e FEvent — an individual outcome.

e Independent events — T'wo events are
independent if their outcomes do not affect
each other.

e Random Variable (rv) — A variable is a

random variable if it takes one of a specified
set of values with a specified probability.
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3 — CDF and pdf Defined

For Continuous Distributions we have:

e Cumulative Distribution Function (CDF) —
For rv x the CDF is defined for continuous

distributions as:
Fx(a) = Prob[x < d] (1)

e Probability Distributions Function (pdf) —
for rv x the pdf is defined for continuous

distributions as:

fz(a) = Prob[x = a] = iF (a)

Codx ¥

This gives another definition of the CDF"

Fy(a) = / ay fu(a)dy
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4 — CMF and PMF defined

For Discrete Distributions we have:

e Probability Mass Function (pmf) — for rv x
the pmf is defined for discrete
distributions where x € {x1,x2,...2z,} and
Vi:1<i<n:xz; <xir1) as:

fx(x;) = Prob[x = z;] = p; (4)

e Cumulative Mass Function (CMF) — for rv x

is defined for discrete distributions as:
J1<1

Fy(z;) = sz' (5)

These correspond to the pdf and CDF of

continuous distributions.

Operating Systems ACSI 500 W. A. Maniatty



5 — Properties of the Exponential Distptbutidciomputer Science, University at Albany

5 — Properties of the Exponential Distribution

Arrival and service times have an exponential
distribution in an M /M /1 system.

The exponential distribution 7" = exp(a) has the
properties [4]:

1. Is Memoryless: The time since the last event
does not help to predict the time till the next

event.
. Parameter: a > 0 the scale parameter = mean
. Range: 0 <t < o0

. CDF: F(t) =1 — e %/ = Prob[T < ]

. pdf: f(t) =Le Vo= L ()

a

. Mean: a

. Variance: a2
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6 — The Exponential Distribution
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pdf of the exponential distribution

fty ——

t

CDF of the exponential distribution

FO ——

Figure 1: Exponential Distribution: pdf and CDF
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7 — Intro to Reliability

The reliability factor at time t is defined as:

_ The Number Surviving at instant ¢

R(t) = (6)

Number of items at t = 0

Often, the failure rate, A, is constant and N (¢) be

the number surviving at time ¢, then:

dN
= AN (7)

so integrating and substituting yields:

The Mean Time to Failure(MTTF) is defined as:

1
MTTF = (9)
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8 — Intro to Reliability

Your company sells web servers with the following
components, with the following failure rates:

Part MTTF

Hard Disk Drive | 70 years
Network Card 50 years
Mother Board 100 years

The company has a 1/2 year hardware warranty

for the server, but is considering using a 1 year
warranty to lure in more customers. What would
be the change in the reliability factor of the

system during warranty.
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9 — In Class Exercise

The first step is to set up our notation

Symbol Meaning

Total Web Serer reliability factor

Hard Disk reliability factor

Network Card reliability factor

Motherboard reliability factor

Since the server would crash if any of the

components failed, the server’s reliability factor is
then:

R(t) = RH(t) X RF(t) X RN(t) X RM(t) (10)

Since we know the failure rate of each component,
and the duration of the warranty get (where times
are expressed in days):

R(O.5) RH(0.5) X RN 0.5) X RM(0.5X11>

R(1)
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10 — Poisson Distributions and Poisson Processes

Poisson processes or Poisson Streams are
queueing models with IID interarrival times that
are exponentially distributed. The number of
arrivals, k, obeys a Poisson Distribution [4]:

1. k£ is the number of arrivals of events with 11D
exponentially distributed interarrival times.
2. Parameters:
(a) A = mean arrival rate, mean arrival rate
(b) ¢, A > 0 is the of the interval during

which arrivals are measured.

3. Range : £ =0,1,2,...,00

—A

4. pmf: f(x) = Problk = z] = A\*¢

x!

5. Mean : \

6. Variance: )\
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11 — Poisson Distributions and Poisson Processes

Pk, 1) — e fem0

k1 k=0,1,2 ...

Figure 2: Graphs of the Poisson Distribution [1]
The points are the distribution but not the curves
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12 — Percentile Defined

Often the percentile is used for such applications

as acceptance criteria:

e The ath percentile of x, denoted x, is defined
as satisfying:

B 100 — a
100

where 0 < a <100 and z i1s an rv.

Prob|z < x,] (14)
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13 — Averaging and Variation defined

Jain [4] defines the average as the central

tendency of the data.

Variation is the amount of dispersion of the data
about its average value.
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14 — Averaging defined

What does it mean to be average?

o (Arithmetic) Mean or Expected Value: is
defined for rv x is defined as:

n . . .
D i1 TiDi if x is discrete,

ffooo yfx(y)dy if x is continuous.
(15)

e Median: The 50th percentile of a continuous

Irv X.

e Mode: The most likely value of x,i.e. where

the pdf or pmf is maximum.
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15 — Selecting a measure of the Average

To select between the (arithmetic) mean, median
and mode:
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16 — Some Commonly Used Means

Some commonly used means are:

e (Arithmetic) Mean:is defined for rv x is
defined as:

Z?:l TiPi if x is discrete,

ffooo yfx(y)dy if x is continuous.
(16)
e Geometric mean: given n values,

x1,%2,...,Tn, the geometric mean is denoted:

1/n

&= H:c (17)

e Harmonic Mean: given n discrete values,

x1,%9,...,Ty, the harmonic mean is denoted:

n

1
2im1 3

Tr =

(18)
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17 — How To Choose a Mean?

Jain [4] recommends that when the values being

averaged are NOT a ratio:

e Select the arithmetic mean when the sum of

values is of interest.

e Select the geometric mean when the product

of values is of interest.
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18 — Taking the Mean of a Ratio

Jain [4] recommends that when averaging a ratio:

1. If the sums of numerators and denominators
both have a physical meaning, the average of
the ratio is the ratio of the averages.

ar+az+---+ap

b1 +bo+ -+ by

S e (UYn) Y a

Z?:l bz (]‘/n) 271121 bz

Ela]

— 19

ED] (19)

(a) If the denominator is a constant and the

sum of the numerator has a physical
meaning, the arithmetic mean of the ratios

can be used, i.e. b; = b for all ¢ so:

aq;) a1+a2—|—---+an

Mean <—

b b+b+--+b

D im1 Qi _ Eld]
B

(b) If the numerator is a constant and the

Operating Systems ACSI 500 W. A. Maniatty



18 — Taking the Mean of a Ratio Dept. of Computer Science, University at Albany

sum of the denominator has a physical
meaning, then a harmonic mean should be

used, i.e. a; = a for all 7 so:

a) ata+---+a

hﬁ _
ean(bi by + by + -+ by,
n

bl/a—kbg/a—+...bn/a

na

Z?:l bi

(21)

2. If the numerator and denominator are
expected to follow a multiplicative property
such that a; = cb;, where ¢ is (approximately)
a constant to estimate, then ¢ can be

estimated by using the geometric mean of

ai/bi:
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19 — Sample Mean

The sample mean averages together a set of data
points, z = {1, T2,..., Ty}, sO:
Z?:lxi r1+xo+---+x,

Bla) = ==L = . (23)

The weak law of large numbers [5, | (informally)
states that when the number of samples is large
the sample mean more closely approximates the

mean of the measured distribution:

lim Elz] = E[z] (24)
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The ariance o x measures its dispersion about

the mean:

(E[z])® (25)

The stan ar e iation o x 1s de ned as:
] (2)

The sample ariance measures dispersion of

measurements about the sample mean [2]:

[z]

1=1

2?21 xf (2?21 xz’)Q

n 1 n(n 1)

(2)

hile form (2 ) ppe rs more complex, it h s the
dv t geth titc becomputedi si gle
p ssove th d t .
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