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1 Introduction

There has been a recent interest in machines which play two-person repeated games,
especially machines which have bounded memory [Au], [KS], [Ru]. Any machine
with a bounded memory can only have a finite set of states and can, in principle, be
modeled with a finite state automaton. The number of states is an obvious measure
of a strategy’s complexity, and some interesting results using this measure have been
obtained [B-P], [Ne]. In particular, it has been shown that a strategy which “defeats”
all n-state automata requires a number of states which is exponential in n.

In this paper, we consider measuring the complexity of a strategy based on the
number of bits required to implement the strategy on some fixed general purpose
computer. Our main result is that there exists a strategy which “defeats” all b-bit
strategies on a given computer and which uses a number of bits which is linear in b.
More specifically, the number of bits used is a linear function Ab+B where constant

A depends on the percentage of the time the winning player is guaranteed to make his



best response and constant B depends only on the computer which runs the defeated
strategy.

Definition 1.1. A game G consists of two finite move sets M; and M;; for
players I and II and a payoff function 7 : M; x M;; — REALS for player I. Define
r to be a mapping r : M;; — M, such that r(m) maximizes 7(r(m), m). m

Definition 1.2. A player I strategy o; for repeated G is a rule which, for all
p > 1, puts out a move m, from M, receives as input a move m;, from My, and
computes a next move m,y; from M;. A player II strategy o;; is defined similarly.
Strategies o; and oy together produces an infinite sequence (my,m,), (Mg, my), ...
called the result of o; and o77. m

In the case that o; and o;; are played by machines A; and A;; having only a
finite number of states, A; and A;; connected together have only a finite number of
states, and the sequence they produce is periodic. The resulting sequence of payoffs
W(mp,m;]) thus has a well defined value under any of the customary methods of
computing average values for infinite sequences. If the machine A; is successful in
playing r(m;,) a high percentage of the time, then player I is guaranteed a payoff close
tov=MIN, s g MAXpcs,m(m, m') (i.e. the min max over pure strategies). Player
IT can insure player I gets no more than v using the one-state strategy of always
playing a m which minimizes 7(r(m’), m’).

Given a game G, we are interested in the super games where each player selects
a machine to play his strategy o, the machines then play G repeatedly, and player 11
pays player I the average payoff from the repeated play. When player II is restricted
in his choice of machines because of memory limits, we are interested in machines for
player I which will “defeat” player II regardless of the machine player II chooses. By
“defeat”, we mean guarantee that player I gets close to v. This will be obtained by
playing m, = r(m;)) a high percentage of the time. A stronger concept of “defeat”
is to play m, = r(m,,) all but a finite number of times. This guarantees at least v.
An even stronger concept is possible based on generating the most favorable periodic

sequence of payoffs that the opponent’s machine will permit.



The concepts under consideration can be illustrated with the game of “matching
pennies”. In this game M; = M = {H,T}, n(H,H) = n(T,T) = 1, n(H,T) =
7(T,H)=—-1,r(H) = H and r(T) = T. In the repeated game, if player I matches the
choices of player II most of the time, then the average payoff for player I will be close
to one. If the players had access to a random device during the play, the players could
of course insure an average outcome of zero by playing H and T each with a probability
of one-half. But the machines which play the game behave deterministically and are
thus incapable of truely random behavior. The players can introduce an element
of true randomness in the beginning by selecting their machines randomly, but this
choice may be discovered during the course of play and exploited by the opponent’s
machine.

To appreciate some issues concerning memory measurement, consider three finite
state strategies for player I playing matching pennies:

Strategy A. Play m, = H if P =0 (mod 10°) and m, = T otherwise.

’

Strategy B. Play m, = H for p < 10% and m, =m

p—106 otherwise.

Strategy C. Use a table of 10° “random” bits and choose m,, according to bit i where
i = p (mod 10°).

Strategies A and C each have a million states whereas strategy B has 21000000
states. Thus by counting states, A and C seem about equal whereas B seems much
more complex.

The complexities seem much different if we consider programming these strategies
on a computer. Strategy A can be implemented with a very short program and a
tiny amount of additional memory (20 bits) to remember p (mod 10°). Strategy B
can also be implemented with a very short program but requires an additional 10°
bits of memory to remember the last 10° moves of the other player. The program
for Strategy C requires 10° bits since the table of 10° bits must be included as part
of the program. But the additional memory required by C for program execution is

very small and is similar to strategy A.

Comparing the resources needed to execute strategies B and C, each requires a



little more than 10° bits. In the case of Strategy C, most of the bits are set when the
program is loaded and remain unchanged during the play of the super game. Because
they do not change, these bits do not contribute to the state count. In the case of
Strategy B, the bits can change during play and thus do affect the state count. The
approach we take in this paper will treat a bit as a resource regardless of whether
the bit changes during the play of the game. Thus, in contrast to the conclusions
suggested by state counting, we consider Strategies B and C to have about the same
complexity and Strategy A to be much simpler.

The model we use is based on the above discussion. The formal model will be
introduced in the next section. Players I and II will each have a computing device
which can, in principle, operate on any size memory. Think of each player’s device as a
computer which will be programmed to play a strategy. To play the game, each player
provides his computer with a fixed amount of memory and initializes the memory in
any way he sees fit that results in a well-defined strategy. By “well-defined”, we
mean that the computer comes up with a next move for any finite sequence of moves
by the opponent. This could fail to happen if the computer got caught in a loop
sometime without producing a new output. After initialization, the computers play
the repeated game. Each machine will be playing a finite-state strategy because of
the memory limitation.

We take the number of memory bits provided as the complexity of the program
which implements the strategy. This is an upper bound on the complexity of the
strategy itself which we define as the least amount of memory required to implement
the strategy. Obviously, this measure depends on the particular computer on which
the strategy is implemented. This allows us to talk about B4 (o), the number of bits
required to implement a finite-state strategy o on a computer A.

Although we are placing strong emphasis on providing memory and initializing
memory, we still have the underlying computers to consider. Specifically, we need to
understand the strategic implications of the players choosing computers on which to

program their strategies. It turns out that this is a relatively minor consideration.



If a player has a sufficiently powerful computer, it makes very little difference what
computer his opponent has. Even if player I picks his computer first and then player
IT picks his computer, knowing the choice of player I, the amount of memory player
I needs to defeat player II is linear in the memory used by player II. The complexity
due to player II’s computer is an additive constant representing the number of bits
needed to describe player II’s computer.

In regard to measuring the complexity of a strategy, the bound obtained with
respect to a “sufficiently powerful computer” is also within an additive constant of
the bound achieved by some other computer. Symbolically, there is a computer U

such that, for all computers A, there is a constant K 4 such that
Bu(O’) S BA(O') + KA

for all strategies 0. Thus counting memory bits is a reasonable framework for dis-
cussing complexity, even though there are many plausible choices for ¢/ and conse-
quently no exact answer to how many bits are required for a particular strategy.
The approach we are taking to the complexity of strategies follows the approach
of Kolmogorov in measuring the complexity or randomness of a finite sequence [Ko,
[Le], and [So]. The properties of our measure and the proofs of these properties are

easily anticipated by those familiar with this approach.

2 The Computer Model

The model of a memory bounded game-playing machine that we use is based on a
Turing machine or (more specifically) a linear-bounded automaton (LBA). In com-
puter science, the term “Turing machine” is used generically to refer to any kind of
a device where a finite state machine is connected to a tape (or tapes). The tape is
made up of “squares”, one for each integer. Each square contains a symbol from a
finite tape alphabet. The finite state machine is regarded as having a “head” which

reads one tape square at a time. The machine makes a “transition” according to the



tape symbol located at the position of the head and the current state of the finite-
state machine. The transition consists of changing state, changing the tape symbol,
and (optionally) moving the head one square to the left or right.

In Turing’s original work, his machines were started on a blank tape on which an
integer had been written. This integer was regarded as input to the machine. Certain
states were designated as halting states. The machine was started in a specified
“starting state” with the head on the left-most symbol of the input integer. If, after a
series of transitions, the machine reached a halting state, the contents of the tape was
interpreted as an integer value computed by the machine. This integer was regarded as
output of the machine. Subsequent to Turing’s work, many different ways of defining
inputs and outputs have been employed, depending on the application, but the name
“Turing machine” has been retained. In our case, we will adjust the definition so that
the machine receives information about the opponent’s moves and puts out its own
moves.

When a Turing machine is restricted so that only a bounded amount of tape
is provided, it is generally called a “linear-bounded automaton” or LBA for short.
The input is presented to the LBA as a sequence of symbols written between a “left
endmarker” and a “right endmarker”. The transitions are restricted so as to never
move the head left of a left endmarker or right of a right endmarker. Our computer
model can be described as an LBA adapted to playing games. When we wish to count
bits, we will restrict the symbols between the endmarkers to be from the set {0,1}.

We now present our formal model. This is necessary so as to have formal theorems.
However, the results do not depend in any significant way on the details of this model.
These details are somewhat arbitrary and many variations on this model would give
the same results:

Definition 2.1. A game-playing LBA is specified by a six-tuple (M7, My, S, o, ', 7)

where

1) M, and M, are finite sets of input moves and output moves



2) S is a finite set of states
3) «is an action mapping o: S — M; U{CONTINUE}
4) T is a finite set of tape symbols which includes {$, ¢} (the endmarkers)

5) 7: My x SxI' 5 S xT x{L,R,S} is the transition function and is subject
to the condition that, whenever 7(m, s,t) — (s,¢,D), t =$ifft =$, t = ¢iff
t = ¢ t=$implies D # L, and ¢t = ¢ implies D # R.

IfI'={0,1,9, ¢} we say the LBA is binary. m

The action function « specifies whether the machine in state s is ready to make
a move «(s) or is required to continue computing in order to select its next move.
The transition specifies how the machine is to behave when it is responding to move
m and is in state s with tape symbol t under its head. The LBA replaces t with ¢
on the tape, moves its head depending on the selection from {L,R,S}, and changes
to state s. L means “move left one square”, R means “move right one square”, S
means “stay on the same square”. The conditions on the transition function insure
that the head cannot be moved left of $ or right of ¢, and that $ and ¢ continue to
appear only at their respective ends of the tape.

During the play of a super game, a game-playing LBA will go through a sequence of
“configurations”. By “configuration”, we mean a combination of state, tape contents,
head position, and input move. For the sake of formal proofs, we need a formal
definition of this concept. Many ways are possible and we choose the following:

Definition 2.2. Given a game-playing LBA A = (M, M5, S, o, ', 7), we say that

(m, s, w,t,x) is a configuration of A if and only if
1) misin M,
2) sisin S
3) w and x are in I'* (I'* is the set of finite strings on I')

4) tisin T



5) the string wtx begins with §, ends with ¢, and these symbols do not appear

elsewhere in wtx.

The configuration is called an intermediate configuration if «(s) = CONTINUE
and is called an output configuration if a(s) isin M;. m

In an output configuration, «(s) is interpreted as the move selected by the LBA
and the m in M, is interpreted as the move selected by the other player. If the LBA is
playing for player I, then M; = My, My = My, and pair («(s), m) is the next pair in
the result sequence. If the LBA is playing for player II, then M; = My;, My = My,
and pair (m, a(s)) is the next pair in the result sequence.

In an intermediate configuration, the LBA is considered to be in the process of
computing its next game move. Since m represents the opponents last move and since
moves are to be made simultaneously after both players have selected their moves,
the m in any intermediate configuration represents the same move as in the previous
configuration, so m must be the same as in the previous configuration.

A player equipped with an LBA begins play by picking some initial sequence for
his tape, selecting an initial head position, and selecting a state s such that «(s)
is in M;. The state, tape and head position, together with the first move of the
opponent, make up the initial configuration. The rules of the machine and the moves
of the opponent determine the subsequent game moves selected by the LBA. Some
initializations may cause the LBA to cycle sometime in the future and thus never
pick a next move. Such an initialization does not represent a strategy as defined in
Definition 1.2.

We will now express the above concepts in a more formal way. The reader may
wish to verify that the formalism does reflect the intuition given above, but the details
are really unimportant for understanding the paper. We first define formally a binary
relation “” on configurations which says when one configuration follows another.
This is a standard automata theoretic method of representing one computation step.
We also define a binary relation “—” to represent a sequence of computation steps

that represents the selection of one game move in the super-game.



Definition 2.3. Let A = (M, M, S,a,T',7) be a game-playing LBA, let ¢; =
(my, $1, w1, t1, 1) and cg = (Mg, Sg, Wo, to, T2) be configurations of A, and let a(my, s1,t1) =

(ss3,t3, D). Then we write ¢; - ¢, if and only if the following conditions hold:
1) s9 =53
2) if a(sy) = CONTINUE, then my = my
3) witzxry = wotyTsy

4) if D = R then |wy| = |wy| + 1; if D = R then |ws| = |wy,| — 1; D = R then

Wo = W1.

If ¢; and ¢, are output configurations, we write C; — C) if and only if C} F Cs or there
is a sequence of intermediate configurations d; ... d such that ¢; - d; - ... F dg F co.
|

Lemma 2.4. Let A = (M, M,,S,a,T',7) be a game-playing LBA. For integer
b, let Cp be the set of configurations of A such that (m, s, w,t,z) in Cp if and only if
|lwtxz| = b (i.e. the length of the tape is b). Then there exists constants K and H such
that |Cp| < 2K°+H for all b. Constant K depends only on the size of I'. For binary A,
K is independent of A. m

Proof. The number of configurations is exactly |My|-|S|-b- (|T]| —2)°~2 because
b is the number of head positions and (|I'| — 2)°~2 is the number of tapes of length b
beginning with $, ending with ¢ and having symbols from I' — {$, ¢} in the middle.
For a given A, |M,|, |S|, and |'| are constants. Because log, b <= 2b + 1, the
inequality and claims about K follow. m

This lemma has both intuitive and technical importance. Intuitively, an LBA
really has three methods of remembering information, namely by the contents of
the tape squares, the position of the head on the tape, and the state of its finite-
state control. However the lemma shows that the number of tape squares b is the
dominant contribution, and thus makes a reasonable measure of complexity. The

technical importance is that amount of memory needed by the opposing automaton
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to remember a configuration of A is linear in b. This is a key consideration in the
main theorem.

Lemma 2.5. Let A = (M, M, S,a,T',t) be a game-playing LBA. There exist
numbers K and H such that, for all integers b and all output configuration ¢ =
(m, s,w,t,z) with |wtz| = b,there exists an output configuration ¢ such that ¢ — ¢
if and only if there are zero or more intermediate configurations d; ...d, for some
k < 2Kt+H such that c-di b ... dp ¢

Proof. The tape size b does not change as the LBA changes from configuration
to configuration thanks to part 3 of Definition 2.3. This definition also requires the
existence of d; . ..dy for some k > 0. Letting K and H be as in Lemma 2.4, we know
that if £ > 2K"# we must have d; = d; for some i # j. But in this case, the
sequence of intermediate configurations which follows ¢ must be an infinite sequence
which repeats the segment d; - ...+ d; and so no ¢ exists. m

The importance of this lemma is that cycling can be detected by counting instead
of remembering configurations. If we find that 25°+# steps have taken place without
going through an output configuration, we know the machine is cycling. The number
of bits required to do this counting is Kb+ H, a linear function of b.

A game-playing LBA must be initialized before it can execute a strategy. We now
give a formal definition of an “initialization”:

Definition 2.6. If A = (M;, M, S, o, T',7) is a game-playing LBA, we say that
T = (s,w,t,x) is an initialization for A if and only if s,w,t, and x satisfy conditions
2 through 5 of Definition 2.2 and «(s) is in M.

We now relate the initialized LBA to potential output/input sequences. Those
consistent with the initialization will be called “matched”:

Definition 2.7. If A = (M, Ms, S, o, T, 7) is a game-playing LBA, 7 = (s, w, t, )
is an initialization for A, and (m;,m;) ... (m4, m,) for some k is a sequence of pairs
from M; x M,, we say that Z is matched to the sequence if and only if there is a
sequence of k output configurations ¢; = (my, s;, w;, t +1, z;) for A such that m; = m;

and a(s;) =m; for 1 <i<k;sy =8, w =w,t; =t,and z; = x; and ¢; — ¢; + 1 for
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1<i<k.

Definition 2.8. Let A; and A, be game-playing LBAs with output set M; and
input set My. We say that initialization Z; and Z, behave equivalently if and only if,
for all k and all sequences (m;,m;) ... (my,m;), Z; is matched to the sequence if and
only if Z, is matched to the sequence.

If 7, and Z; behave equivalently, then they cannot be distinguished by the oppo-
nent and they define the same strategy if they do define a strategy. We now want to
relate LBA to specific games.

Definition 2.9. If G = (M, My, ) is a game, we say that a game-playing LBA
A is for player 1 if the set of input moves of A is M, and the set of output moves is
M. We say A is for player 11 if the set of input moves is M; and the set of output
moves is M.

We now give a definition to relate the game-playing LBA to the outcome of a
game.

Definition 2.10. Let G = (M,, M;;,7) be a game, let A; = (M;, My, S, o, T, 7)
be a game-playing LBA for player 1. Let (mi,m;) for ¢+ > 1 be a sequence of pairs
from M; x M;;. We say that initialization Z; for A; matches the sequence if Z;
matches (mg, m;) ... (my, m,) for all k. If instead we have A = (M, My, S, o, T, 7)
for player I, we say that initialization Z;; for A;; matches (m;, m;) ... (mg, m;) for
all k.

Proposition 2.11. For a given game G = (M, My, ), given game-playing LBAs
A and A;; for players I and II, and given initializations Z; and Z;; for A; and Ay,
then there is at most one sequence (mi,m;) for # > 1 matched to both Z; and Z;;.
We call this sequence the result of Z; and Zj;.

Proof. There is only one possibility for (m, m}), namely (a;(s;), azr(srr)) where
sr and syy are the states of Z; and Z;;. The result follows by induction. m

We can now summarize our model more precisely. For a given game, players [
and II will each have a game-playing LBA. The LBA for player I will input moves of
player II and output moves of player I. The LBA for player II does the reverse. It
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will turn out that it doesn’t matter much whether the players have knowledge of each
others LBA, or even if one player designs his LBA with full knowledge of the LBA of
the other player.

To play the super-game, each player initializes his machine to be in some state,
to have a certain sequence on its tape, and to have the head of the machine on
some tape symbol. If no looping occurs, the two LBAs together produce an infinite
result sequence (m;,m;) for i > 1, a unique sequence which is matched to the two
initializations chosen by the respective players. It is assumed that the players have
picked initializations which cannot loop since initializations which can loop do not
define strategies in the sense of Definition 1.2.

Because the LBA does not change the length of the information written on its
tape, the number of configurations it can enter is bounded (see Lemma 2.4) by a
function of the size of the initialized tape. Thus the LBA behaves like a finite state
machine and the discussion after Definition 1.2 applies. A well-defined average payoff

results whenever two game-playing LBA play a super-game.

3 Universal LBA

We will assume throughout this section that all LBAs under discussion have some
fixed set M; as output moves and some fixed set M, as input moves. Such an LBA
could be used either by player I in some game (M;, My, ) or by player II in some
games (My, My, 7). Because the mathematical objects needed to define these LBAs
for this game all have finite size (Definition 2.1) one can write down a complete
description of such a machine. Such a description might include a list of six-tuples
from My x S xT' x S xI" x {L, R, S} to describe the transition function. This can
be done conveniently with a fixed small set of symbols, adequate for describing any
LBA, if we use strings of symbols (say strings of 0’s and 1’s) to represent state or
tape symbols. For example, the tuple (m,010,11,110,00,R) would mean “when in
state 010 with symbol 11 under the tape head and the last move of the opponent was

12



m, change to state 1101, replace the tape symbol with 00, and move the head one
square to the right”. For a given LBA, this can be done in such a way that all states
are represented by strings of the same length and all tape symbols are represented by
strings of the same length.

Now suppose we have the description of an LBA together with an initialization.
From this information, one can compute the sequence of game moves the LBA will
produce in response to any sequence of moves of the opponent. More importantly, this
computation itself can be performed by an LBA. We call such an LBA a “universal
LBA” because it can implement any strategy that can be implemented at all on an
LBA. This is a direct analogy with the concept of a “universal Turing machine”.

Theorem 3.1. Consider LBA with fixed output set M; and fixed input set
M,. There exists a game-playing LBA U (called a universal game-playing LBA)
which, when initialized with a description of some other game-playing LBA A and a
description of an initialization of Z of A, the initialization of & behaves equivalently
to Z. Furthermore, for a given A, there exist constants A and B such that the number
of tape squares used by U is no greater than A -b+ B where b is the number of tape
squares used by A.

Proof. The LBA A can be described as in the discussion prior to the theorem.
The initial state and tape can be represented in the obvious ways using the same
state names and tape symbol names as in the description. A special symbol can be
inserted into the tape description to mark the head position. The tape description
must be delimited with surrogate endmarkers since $ and ¢ must be reserved to
mark the ends of the tape presented to /. Given a description of the state and
tape of one configuration, this description can be changed into a description of the
next configuration by replacing the string representing the old state with the string
representing the new, replacing the string representing the tape symbol under the
head with a string representing the new tape symbol, and rearranging symbols so as
to represent the new head position. The next configuration for A can occupy the

same tape squares as the original configuration because all the states are represented
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by strings of the same size and all tape symbols are represented by strings of the same
size.

As is customary in Turing machine proofs, we omit giving full details. In this
case, details omitted include the method used to look-up the appropriate six-tuple in
the description or the method used for changing the configuration description once
the appropriate tuple has been located. For the uninitiated, we note that these
methods require a few additional tape symbols to mark tape positions while the head
moves back and forth between the machine description and the configuration. States
are used to remember finite amounts of information while the head moves back and
forth.

Regarding the constants A and B, B represents the space needed to write down
the description of A and the configuration state. Constant A represents the number
of tape squares of the universal machine needed to store a string representing one
tape symbol of A. m

A universal machine can be thought of as a general-purpose computer and the
machine descriptions on its tape as programs. The theorem then says there is a
general-purpose LBA that can be programmed to carry out any task that can be
carried on any other LBA. The idea that arbitrary LBAs can be simulated in linear
space (specifically A - b+ B) is all that is needed for our main result. However, we
also want to derive some results about memory bits as a complexity measure. To do
this, we need a corresponding result for binary LBA:

Theorem 3.2. Consider LBA with fixed output set M; and fixed input set Ms.
There exists a binary game-playing LBA U such that, given some other binary game-
playing LBA A and given an initialization of Z of A, there is an initialization of U
which behaves equivalently to Z. Furthermore, for each A, there is a constant K 4
such that the number of bits (tape squares) used by U is no more than b+ K 4 where
b is the number of bits used by .A.

Proof. The universal machine constructed in the proof of Theorem 3.1 can be

made binary. To do this, first choose some sufficient length k and encode each tape
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symbol (other than § and ¢) of the universal machine as a sequence of k bits (symbols
from {0,1}). Then modify the state set so that it can read k tape squares and behave
as if the original machine had read the corresponding symbol of its tape symbol set.
This binary machine satisfies the first part of the theorem but not the part about the
bound b + By4.

The difficulty is that the above encoding will represent the tape symbols 0 and 1
of A by sequences of length k and so the bound would be &k - b + B4. To get around
this, we adopt the encoding suggested above for encoding the description of A and
remembering the state of the current configuration of \A. However, the tape symbols
of the current configuration will be stored unencoded as single symbols 0 or 1. This
means that U, through use of its state set, must be able to distinguish which zeros
and ones are used to encode the description of A and which zeros and ones are actual
tape symbols from the current configuration of A.

There are several methods of making the required discrimination between the two
usages of zeros and ones. One method is to keep the description of A in the middle
of the tape adjacent to the current head position. Thus the LBA can look up the
current tape symbol simply by moving to a tape square adjacent to the description.
When A shifts its head, &/ may have to shift the entire description of A. The machine
U can be designed to allow the tape symbol under the head to be on either side of
the description. This flexibility is needed so that the description can be kept to the
right of the left endmarker and to the left of the right endmarker.

Following the above method, the amount of tape required to simulate A is some
constant amount K 4 required to store the description of A plus the number of tape
squares b required to store the contents of the tape of A. Thus the total requirement
isb+ Ky m

The above construction has an advantage over some other methods of representing
configurations.

Corollary 3.3. There is an LBA U satisfying Theorem 3.2 with the additional

property that there exists a constant H 4 such that the number of transitions taken by
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U to compute a given game move is no more than H 4 times the number of transitions
of A.

Proof. To simulate one transition of A, the head of U constructed in the proof
of the theorem is confined to K4 + 2 tape squares and therefore executes one of a

bounded number action sequences. m

4 Bits as a Complexity Measure

We now look at the suitability of counting tape squares on a binary LBA as a method
of measuring the complexity of finite-state strategies. As discussed in the introduc-
tion, this concept is imprecise unless a computing machine is specified.

Definition 4.1. Let M; and M, be given input and output move sets and let A
be a binary LBA which uses these sets. For any strategy o, let B4(co) be the minimum
number of tape squares needed so that A, with the squares properly initialized, carries
out . (We do not count the endmarker squares as part of this number.) By(o) is
undefined if no initialization carries out o.

This concept has a weakness in that the measure depends on which LBA is used.
Furthermore, any finite-state strategy can be carried out with zero tape squares on
some LBA, namely an LBA with a set of states and transitions which imitates the
finite-state automata. Nevertheless, there is a choice of machine which does give a
fairly satisfactory measure:

Theorem 4.2. Given input and output move sets M; and M, there is an LBA U
using M; and M, such that i/ can carry out any finite-state strategy and such that,
for any other LBA A using M; and Mj,

By(o) < Ba(o) + Ka

for all finite-state strategies o.
Proof. The universal binary U/ from Theorem 3.2 is such an LBA. We know that

it can imitate any finite-state automaton since a finite-state automaton is, in effect,
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a special case of an LBA. Moreover, the K 4 provided by the theorem is the same K 4
we need here. m

The bit-counting approach does not permit us to make precise statements such as
“strategy X takes 2137 bits” unless it is with respect to some carefully chosen but still
very arbitrary LBA. However, Theorem 4.2 tells us that the certain measures, namely
those based on universal LBAs which satisfy Theorem 3.2, are fairly satisfactory. For
any pair of such measures, there is a constant which bounds the difference between
them. Furthermore, these universal LBAs can implement any finite-state strategy
with “near optimal efficiency” in the sense that no other LBA can produce measures
which are more than some constant smaller.

It might seem that we are being arbitrary in selecting the LBA as our model of a
memory-bounded computing device, and that some other device might give radically
different measures. However, the technique of one universal machine simulating all
others can be extended so that one LBA simulates all members of a broad class of
memory-bounded devices. Any memory-bounded computing device is likely to have a
finite description and an easily computed rule for accessing its memory and changing
states. Using these facts and some mapping of memory locations into consecutive
integers, it should be easy to build an LBA which takes a computing device description
from some class and simulates the device using a bounded tape. This new “universal
LBA” will give a measure as good as any produced on any of the computing devices
in question. Because this measure is now achieved by an LBA, it can be achieved
by A of Theorem 4.2. In effect, the inequality By (o) < B(c) + K4 applies even
when A is allowed to range over a much wider class of memory-bounded computing
devices.

The LBA model is not so natural if one wants to take into account the number of
intermediate configurations the device goes through to produce the next game move.
If we want to control the computation time in addition to computing space, then

other models should be considered.
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5 Procedure for Winning

In this section we give a procedure whereby player I can “defeat” player II when
the procedure is given a description A;j; of player II's binary game-playing LBA, the
number of tape squares b player II is using, and a parameter . The procedure will
pick a series of moves for player I, depending on the moves of player II, such that
player I wins at least the amount v = min,; y;, MaTmers, (M, m') on at least (1—e)t
times out of t plays of the game for sufficiently large t. This is done by matching
most of player II's moves with the best response at least (1 — €)t times. Since player
IT can guarantee at least v on each move with the strategy of always playing a move
m’ which minimizes maz m(m, m'), v is the most player I could guarantee against
memory-bounded strategies.

In the next section, we will discus implementing the procedure on a binary game-
playing LBA and discuss the number of tape squares (the space) that will be needed
to execute the procedure. It will turn out that the space is linear in b. We will be
giving observations on memory requirements at the end of this section.

For a given Ay, b, and €, one can compute a number D such that the number of
configurations of A;; using b tape squares is less than 2. Let T = [D/¢]. For fixed
Arr and €, Lemma 2.4 tells us that D and T are linear in b.

The procedure will treat the sequence of plays as being divided into a sequence of
segments of size T. During any given segment, the procedure will produce the right
response at least (1 — €)7 times and the wrong response at most D(= €I') times.
After the segment is completed, the procedure forgets the information accumulated
during that period and begins from scratch as if the first move of the segment were
the first move of the game.

During the play of a segment, the procedure will remember the sequence of moves
selected by each player. At the end of the segment, a sequence of T moves must be
remembered.

To select a move, the procedure considers each possible output configuration of
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Ajr with b tape squares and evaluates that configuration as a possible configuration
of A;; at the beginning of the segment. The evaluation consists of simulating that
configuration using the sequence of moves that have been recorded for the segment.

The simulation can have three outcomes:

1. A situation is reached where the move indicated by the simulation does not

match the actual move made by player II.
2. The simulation cycles through a sequence of intermediate configurations.

3. The simulation is in agreement with the history of the segment and it is de-
termined that some move m’ will be made by Ajr if A;; really was in the test

configuration of the beginning of the segment.

In order to accommodate outcome 2, the procedure will count the number of con-
secutive intermediate configurations that A;; goes through. If that number exceeds
the total number of configurations, the procedure knows that outcome 2 has been
reached and the simulation can be halted.

The procedure has an array COUNT indexed by M; and COUNT(m) is set equal
to zero for all m in M; at the beginning of the testing. Whenever situation 3 is
reached, the procedure increments COUNT(r(m')) where m' is the next move of
Ajr predicted by the simulation. Thus after the testing is completed, the procedure
knows how many of the initial configurations suggest each m in M; as the best next
response to Arr. The procedure selects an m which has the largest COUNT(m) as
the next game move for player 1.

We now prove a lemma which says the procedure plays as well as we have claimed.

Lemma 5.1. During each segment of plays, the procedure described above pro-
duces a sequence of outcomes (m;, m;) for 1 < i < T where (1 — ¢)T of these pairs
satisfy m; = r(m;).

Proof. For each i, let C; be the set of configurations of .A;; which have outcome

3 during the evaluation phase. A configuration c is in C;y; if and only if ¢ is in C;
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and m;- is the move player II would make from configuration c in response to moves
my ... m; 1 of player L. If m; # r(m;), then the size of C;;; can be no more than half
the size of C; because m; was chosen to be the optimal response to at least as many
configurations as any other move including move r(m;). Thus m; # r(m;) implies
Cia| < |Csl/2.

Now |C;| is always at least one since all C; contain the configuration that A;; was
actually in at the beginning of the segment. Furthermore, C;, the set of all output
configurations, has no more than 2P members by definition of D. But a set of size
2P cannot be cut by at least one-half more than D time without becoming empty.
Thus the number of (m;, m;) with m; # r(m;) is no more than D. By construction,
T > D/e and the result follows. =

The memory needs of the procedure can be summarized as follows:
A. Store the description of Aj;.
B. Save T pairs from M; x M,.
C. Save the last configuration of A;; to be tested.
D. Remember the current configuration of A;; in the simulation.

E. Counting the number of consecutive intermediate configurations in the simula-

tion.

F. For each m in M;, memory for COUNT(m).

In the next section, we will analyze how each of these requirements impacts the

implementation of the procedure on an LBA.

6 Main Result

To state the main result, we need a formal definition of “defeat”:
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Definition 6.1. Let G = (My, M, 7) be a game, let A; be a game-playing LBA
for player I, and let A;; be a game-playing LBA for player I1. We say that initialization
Z; of A; defeats initialization Z;; of Aj; within € > 0 if and only if the result (if any)

for Z; and Z;;, namely (m;, m;) for 1 > 1,satisfies
limy—oo|{(mi, m;)| i < k and m; # r(m;)}| /k < e.

We know that if the result sequence exists, the limit exists because of the cyclic
behavior of memory-bounded machine play. The result sequence will fail to exist if
one machine starts cycling in its effort to compute a next move.

Theorem 6.2. Let a game G = (M7, My, ) be given. There is a game-playing
LBA A; for player I such that, for any game-playing LBA A;; for player II and € > 0,
there exist constants A and B such that for any integer b, A; has an initialization with
A - b+ B tape squares such that the initialization defeats within e any initialization
of A;; using b or less tape squares. Furthermore, the constant A depends only on €
and the size of the tape alphabet of Aj;.

Proof. A; will be an LBA which performs the procedure of the previous section.
We take it as obvious that this can be done, even though the details of the automaton
are quite complex. The initialization of A; includes a description of .A;; and a parti-
tion of the tape into zones, each of which will store information as listed at the end of
the previous section. The sizes of these zones are determined by D and T which are
derived from Az, €, and b. The initialization will defeat within € the initialization of
A because of Lemma 5.1.

We now derive a bound on the number of memory bits which are sufficient to
carry out the algorithm. The fact that this bound is linear in b follows mainly from
Lemma 2.4 which says D can be picked to satisfy D < K - b+ H where K and H
depend only on A;;. To derive the bound, we find a bound for each use of memory
listed at the end of Section 5.

Use A: Storing the description of A;; requires a number of bits which depend only

on .A[[.
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Use B. Remembering the sequence of T output/input pairs requires logs (| M; X
M,|) x T bits. Since T = [D/e|, T =~ (K/¢€) - b+ H/e and this use is linear in b since
K /e and H/e are constants which depend only on A;; and e.

Uses C, D, E: Each of these requires D bits.

Use F: This requires |M;| - D bits, still a linear function of b.

Each of the above bounds satisfies the theorem and so must their sum representing
the total memory requirements. Thus the memory requirement is linear in b.

To see that A depends only on € and the size of the tape alphabet, recall that K of
Lemma 2.4 depends only on the size of the tape alphabet. Use A does not contribute
to constant A. Use B contributes logs(|M; x M,|)- K/e. But |M; x Ms| depends only
on the game G and not which A;; chosen to play the game. Thus this contribution
depends only on the tape alphabet and e.

Uses C, D, E contribute only K. Use F contributes |M; |- K but |M;| depends on
G and not on A;7. m

We now put the main result in terms of binary LBAs:

Theorem 6.3. Let a game G = (M;, M,, 7) be given. There is a binary game-
playing LBA A; for player I such that, for any binary game-playing LBA A;; for
player IT and € > 0, there exists a constant E depending only on € and a constant M
depending only on A;; such that for any integer b, A; has an initialization of size
E-(b+ M) such that the initialization defeats within € any initialization for A;; using
b or less tape squares.

Proof. Any A; can be made binary with only a constant effect on the number
of tape squares needed to implement a strategy. Standard techniques to do this were
discussed in the proof of Theorem 3.2. Restricting A;; to binary LBAs makes the
constant K in the proof (K from Lemma 4.2) become independent of A;;. Thus in
the expression A -b+ B, A becomes independent of A;;. Constant B is of the sum of
H /e plus other terms which do not depend on € and thus A-b+ B < E- (b+ M) for
appropriate E and M. m
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7 Conclusions

We have proposed that the number of bits needed in a memory-bounded computing
device as a measure of the complexity of a strategy. To be specific, we have chosen the
linear-bounded automaton (LBA) as our computer model. However, the bits needed
on this device is not substantially different than on other automata theory models.

We believe that bit counting is a more intuitive measure than state counting.
The contrast between the measures was illustrated with strategies B and C in the
introduction. From the perspective of bit counting, both these seem about the same.
From the state counting perspective, B is exponentially harder than C.

Bit counting is a complexity measure in the style of Kolmogorov complexity for
finite sequences, and these measures have similar properties. Although no exact mea-
sure is produced by this theory, there are measures defined by “universal” devices
which are always smaller, except for an additive constant, when compared with an-
other such measurement.

The main result says that player I needs only an initialization of A - b+ B on
a certain LBA to defeat any initialization of b bits on some arbitrary machine of
player 2 (where A and B depend on player II’s machine and the tolerance € for a
wrong move). This contrasts with the state-counting result of [B-P]| which says that
an exponential number of states is required for one machine to defeat another.

The strategy we use to establish our main result requires a number of computation
steps between two game moves which is exponential in b. This means that the
strategy is not of practical use. This suggests that computation “time”, the number
of steps between moves, should somehow also be taken into account. A complexity
based on both time and memory on LBAs will retain the key properties of memory
measurement because of Corollary 3.3. However changing from an LBA to another
computing device could now have significant effects on the complexity measure. In
any case, we know very little about how many additional bits are needed to defeat a

machine in a “reasonable” number of steps.
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More generaly, it seems that computation time should be taken into account when

modeling “bounded rationally”. In the real world, decisions must be made in a

timely manner and this imposes a limitation just as surely as does limits on computer

hardware or the memory limitations of the human brain.
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