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We study the computational problem “find the value of the quantified for-
mula obtained by quantifying the variables in a sum of terms.” The “sum” can
be based on any commutative monoid, the “quantifiers” need only satisfy two
simple conditions, and the variables can have any finite domain. This problem
is a generalization of the problem “given a sum-of-products of terms, find the
value of the sum” studied in [34]. A data structure called a “structure tree”
is defined which displays information about “subproblems” that can be solved
independently during the process of evaluating the formula. Some formulas have
“good” structure trees which enable certain generic algorithms to evaluate the
formulas in significantly less time than by brute force evaluation. By “generic
algorithm” , we mean an algorithm constructed from uninterpreted function sym-
bols, quantifier symbols, and monoid operations. The algebraic nature of the
model facilitates a formal treatment of “local reductions” based on the “local
replacement” of terms. Such local reductions “preserve formula structure” in
the sense that structure trees with nice properties transform into structure trees
with similar properties. These local reductions can also be used to transform
hierarchical specified problems with useful structure into hierarchically specified
problems having similar structure..

Key Words:  quantified formulas, generic algorithms, satisfiability
problems, constraint satisfaction problems, non-serial dynamic program-
ming, computational complexity, channelwidth, structure trees, treewidth,
tree decompositions

1. INTRODUCTION

In the formal theory of computation, problem instances are modeled as
strings and computational problems are modeled as language recognition
problems. That is, for a given language L, the associated computational
problem is to answer questions of the form “does a given string w belong
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to the language L?” The traditional way of establishing complexity con-
nections among languages is with resource-bounded reductions, especially
polynomial-time or log-space reductions. Although the language recog-
nition model and resource-bounded reductions play a central role in the
theory of computation, they are limited by their very generality. Within
this model, problem instances have neither semantics nor structure, and
reductions may be unrelated to the meaning of the problem. Even linear-
time reductions can relate problems which are computationally dissimilar.
For example, one problem may have a polynomial approximation scheme
and the other not. One problem may be easy when instances are specified
hierarchically and the other problem hard.

In actual practice, problem instances are more usefully described in the
style of Garey and Johnson [16] as graphs, relations, formulas, etc. When
so described, one is able to discuss structured problem instances such as
bounded-treewidth graphs, planar graphs, bounded-bandwidth formulas,
etc. One is also able discuss concepts of a “local reduction” based on local
replacements.

We believe there is a need for models which fit between the very gen-
eral language recognition model and the study of problems as individual
problems. Such models should:

1. be specific enough to explain why certain algorithmic techniques ap-
ply;

2. explain results already known for a variety of individual problems or
classes of problems;

3. enable computational properties of problems encountered in the fu-
ture to be inferred directly from the problem descriptions; and

4. extend to succinct specification methods such as hierarchically spec-
ifications.

We expect that these more general models will be algebraic in nature,
just as the the more general models in modern mathematics are algebraic
in nature. By an “algebraic model”, we mean a model with algebraic oper-
ations and function symbols which specialize to particular computational
problems when the operators and functions are particularized. Algorithms
which apply to the uninterpreted abstract problem serve as “generic algo-
rithms” which specialize to algorithms for particular problems when the op-
erations and functions are particularized. Reductions described algebraicly
are usually “local” in nature, tend to preserve computational properties,
and are analogous to the algebraic concept of a homomorphism.

The literature already has a number of instances where algebraic meth-
ods are used to model classes of problems. For the “constraint satisfaction
problem” extensively studied in the AI literature, very general algebraic
views are presented in [6] and [20] and many of the papers they reference.



Although constraint satisfaction can be viewed as a special case of our
model, much of the theoretical focus of this work in the AI community
has been on finding conditions on semantics under which the problem be-
comes amenable to polynomial time algorithmic techniques. Another way
of modeling problems is through the use of second order formulas as dis-
cussed [4, 10, 11]. Although the papers [4, 11] look at structure in much
the same way as we do here, their algorithms are fundamentally different
from ours as explained further below. Other examples include the closed
semi-ring model of path problems [1] and the matroid model for problems
solvable by greedy algorithms [21].

In our earlier work [34], we looked at problems that can be described
as “find a certain sum of products of terms” where the sum is taken over
all assignments to a set variables. 2 In particular, we showed how the
sum could be more efficiently computed when the set of terms had limited
“weighted depth” or “channelwidth”. (These concepts will be defined later
in this paper.) We say these concepts are “structure-based” because they
depend only on which variables appear in which terms and do not depend
on the interpretations of the operators and terms. Thus the concepts can
be thought of as syntax-based rather than semantics-based.

Satisfiability and constraint satisfaction can be modeled as a sum-of-
products where A is the product operation and V is the sum operation. This
sum-of-products has the value TRUE if and only if the conjunction (i.e. prod-
uct) of terms is satisfiable. ® Non-serial optimization can be modeled as
a sum-of-products where the semi-ring product is ordinary arithmetic ad-
dition and the semi-ring sum operation is minimization. The value of the
sum-of-products is then the smallest obtainable sum of terms. Although
we say that satisfiability and optimization problems are modeled as sum-of-
product problems, the actual objective of these problems is often to “find
an assignment which gives the best value” rather than “find the best value.”
In the general case, a sum-of-products is not associated with any partic-
ular assignment. For example, there is no assignment associated with the
the problem “find the number of satisfying assignments”. This problem is
modeled as a sum-of-products by treating terms as zero-one valued (instead
of Boolean valued) and using the plus and times of ordinary arithmetic.

When the semi-ring addition satisfies (a +b = a) V (a + b = b) for all
a and b, there is a natural association between values and assignments. In
this case, any sum of values is equal to one (or more) of these values and
any of the particular assignments which generate that value can be viewed
as the assignment associated with the sum. In Section 9 of [34], it is shown

2All variables must be finite domain variables, the sum and product operations must
be from a commutative semi-ring, and each term must map assignments to its variables
to elements of the semi-ring.

30ur sum-of-products model can thus be viewed as a generalization of satisfiability
which is why we call the problem a “generalized satisfiability problem” in [34]. It is a
further generalization of Schaefer’s “generalized satisfiability” in [33].



how the associated assignment can be computed along with the value with
very minor additional cost. Thus the difference between finding the value
and finding the associated assignment is not computationally significant.

In this paper, we extend our work in [34] and develop a generic model
of quantified formulas where generalized quantifiers are applied to a sum of
monoid-valued terms. The computational problem is to compute the value
of such a formula. The quantifiers that can be modeled include the familiar
3 and V for Boolean-valued monoids, min and max for numerical-valued
monoids, the “stochastic quantifier” of [27], and many others. Within
this more general framework, our “sum-of-products” formulas from [34]
are viewed as quantified formulas involving just one kind of quantifier.
The semi-ring product operator is now seen as the monoid operator and
the semi-ring sum operator is now seen as a means of defining the quantifier.
4 There is no need to impose an ordering on the quantifiers in this one-
quantifier case because the ordering does not affect the value.

We associate a quantified formula (non-uniquely) with a data structure
we call a “structure tree”. The information in the structure tree can be
interpreted as information about “subproblem independence” (in the sense
described below) where the information at each node describes a subprob-
lem. This structure can be exploited by certain algorithms for computing
the formula’s value. Because the structure tree is based only on the for-
mula’s syntax and is independent of the interpretation of the operators and
terms, the computational implications of the structure tree apply across the
entire spectrum of problems that can be modeled by quantified formulas.

The algorithms presented for exploiting structure trees are themselves
independent of formula semantics. They are expressed generically as a
sequence of uninterpreted actions such as performing a monoid operation
or evaluating a term. Thus the algorithms apply to any problem expressible
as a set of formulas. We use the number of operations performed as the
algorithm’s “generic complexity”. Of course, the actual time complexity
depends also on the cost of performing the algebraic operations. In the
most common applications, the algebraic operations are relatively simple
and the generic complexity accurately reflects the time complexity. In any
case, the costs of particular operations for particular sets of formulas is not
a topic of this paper.

The algorithms involve making trial assignments to various variables
and then returning or remembering the results of certain sub-calculations.
The sub-calculations involve evaluating formulas obtained from the original
by replacing certain variables in the original problem with constants that
have been assigned to them. When this is done, the original problem may
fragment into pieces so that no two pieces have unassigned variables in
common. It is these pieces which we refer to (informally) as “independent
subproblems”. By evaluating these independent subproblems separately

4See later discussion of the o-quantifier.



and combining their values, there can be a considerable savings in time
costs over “brute force” methods. The set of subproblems that occur as
the algorithms unfold is highly dependent on the order in which variables
are assigned values.

The structural concepts in this paper are direct generalizations of the
concepts of the same name in [34]. The difference between the structure
trees of [34] and the structure trees here is that a restriction must be im-
posed here to take into account the ordering of the quantifiers. The restric-
tion must be strong enough to guarantee that the generic algorithms will
give the right answer. Otherwise, we want the weakest restriction possi-
ble because, the more structure trees a formula has, the more opportunity
there is to find a good structure. To this end, we base our restriction
on a relationship among variables we call the “influence relation.” This
relation characterizes the quantifier re-orderings which (for all interpreta-
tions) do not change the formula’s value. This restriction says intuitively
that the placement of information in the structure tree must be compatible
with some quantifier order equivalent to the given order. Since there are
interpretations where it would be a mistake to be compatible with a differ-
ent ordering, our condition is the weakest (and thus the most permissive)
possible. The restriction is based solely on the formula’s syntax and the
structure tree concept remains free of any interpretation of the operators
and terms.

The term “problem” is commonly used as in [16] to designate a set of
“problem instances” for which one wants an algorithm to solve. Because
formulas have a value and structure independent of what problems the
formulas happen to belong to, we are able to view formulas as “problem
instances” without having any particular set of instances in mind. The
concept of a “problem” is not formally defined and methods of defining
problem sets are not a topic of this paper. We think of formulas as instances
of the meta-problem ® “what is the value of a given formula?”. Because
every set of formulas is a special case of this meta-problem, the techniques
developed for solving formulas in general will apply to any set of formulas
and thus to any problem expressible as a set of formulas.

There are close relationships between the structure trees of one-quantifier
formulas and the tree decompositions of graphs and between the channel-
width of formulas and the treewidth of graphs. (Tree decompositions and
treewidth are defined in [2] and have been applied to solving graph prob-
lems where the graphs are restricted to graphs having bounded-treewidth.
For examples, see [3, 4, 7, 24, 31].) When the translation of graph problems
into formulas is very direct, a tree decomposition of a graph is essentially
an unrooted structure tree for the formula and the treewidth of the graph
(plus one 9 ) is the formula treewidth. By “very direct”, we mean that the

5We call it a “meta-problem” because the problem domain is only loosely defined.
SA tree has treewidth 0 whereas the analogous formula (one variable for each graph
node and one term for each graph edge) has channelwidth 1.



formula terms correspond to graph hyper-edges and variables correspond
to vertices. This includes all problems in the class called ECC in [7]. In
other circumstances (such as LCC from [7]) there is a useful but less di-
rect transformation of tree decompositions into structure trees. Bounded
bandwidth instances [25], bounded clique-width instances [12, 17], and k-
outer-planar graphs [5] have bounded treewidth and hence have a similar
relationship to structure trees.

Although much of the treewidth literature is motivated by bounded
treewidth (which implies polynomial time algorithms) there are implica-
tions for problems which are not bounded by constant treewidth. For ex-
ample, planar graphs have O(y/n) treewidth and this non-constant bound
implies that many planar graph problems can be solved in time 2°(v™)
by methods similar to [22, 14, 29, 36]. Good structure trees (when they
exist) can be found using either bottom-up techniques found in [2] or [8] or
top-down separator techniques found in [23] (see Theorem 7.2(4) of [34]).

In the reverse direction, one can make a hyper-graph representing the
structure of a formula (a hyper-edge for each term, a node for each variable)
and tree decompositions of the hyper-graph correspond directly to unrooted
structure trees and theorems about tree decompositions may be applied to
structure trees. In the multi-quantifier case, the influence relation restricts
the set of structure trees, and we do not have a purely graph-theoretic
description of a structure tree.

The concepts of quantifier and graph structure have been linked in
[4, 11] where monadic second-order logic is used to model questions about
graphs as model checking problems. It is shown that questions are easier
to answer for graph instances having favorable treewidth. However, the
approach in [4, 11] is substantially different from ours. In [4, 11], a single
formula describes a question to be asked of all graph instances. In our
work, the problem instances themselves are formulas. In [4, 11], there is no
concept of “formula structure”, and easiness is attributed to the structure
of the graph. In our work, easiness is attributed to formula structure.
In [4, 11], bounded-treewidth graph problems are easy for reasons other
than sub-problem independence and are solved by methods which are not
specializations of our generic procedures. The algorithms in [4, 11] are more
than exponential in treewidth (no problem if the treewidth is bounded) and
depend on the quantifier alternations being of fixed size. Our methods are
only exponential in channelwidth and have no limitations on alternations.

An up-to-date survey on model checking problems can be found in [18].
This survey includes discussion of bounded treewidth methods. In gen-
eral, both a formula and a model must be supplied as problem input, and
easiness occurs when formula alternations are bounded and models have
bounded treewidth. An exception is conjunctive queries where formula
treewidth can be exploited to make certain problems easier. However, con-
junctive queries have just one kind of quantifier and hence no alternations.
Thus our work and the model checking work are substantially different.



We use formulas as problem input whereas model checking input is a com-
bination of formula and model (sometimes just models). We get easier
problem instances without restricting the number of alternations whereas
easier model checking problems require that alternations be bounded. Fi-
nally, the algorithms for exploiting structure are different although they all
are forms of dynamic programming.

The applications of our model go far beyond the algebra and graph
applications suggested by the above discussion. Many other problems can
also be encoded into quantified formulas in such a way that the value of the
formula is the answer to the original question. Using just sums-of products,
one can (as discussed in [34]) write formulas which describe many complete
problems in each of the classes NP, CoNP, #P, DY, OPT-P, MAX SNP,
and MAX II;.

Under our more general multi-quantifier model, one can use the two
quantifier symbols 3 and V to describe quantified CNF and DNF formulas.
Using the two quantifier symbols max and min, one can describe games
where the players take turns assigning values to variables. Using max or
min with the stochastic quantifier of [27], one can describe “games against
nature”. It is now possible to describe complete problems in PSPACE and
#PSPACE. The appendix gives some examples of the problems mentioned
above and shows in detail how they can be described using quantified for-
mulas.

Sections 2, 3, 4, and 5 provide the basic theory. Quantifiers are defined
in Section 2, formulas in Section 3, and structure trees in Section 4. The
structure tree concept involves the “influence relation”, also introduced in
Section 4, that takes into account how quantifier lists might be re-ordered
without changing the formula value. The generic algorithms are presented
in Section 5 and it is seen that their generic complexity is a function of
quantities known as “weighted depth” and “channelwidth” which are asso-
ciated with structure trees and are defined in Section 4. The reason for the
dependence only on weighted depth and channelwidth is that the structure
allows quantifiers to be reordered and moved down onto subexpressions so
as to lessen the depth of quantifier nesting and to provide opportunities for
memoization and non-serial dynamic programming,.

In Section 6, we look at the influence relation more closely. We find
that the concept is robust in that it is invariant under permitted quantifier
re-orderings. We also show that it was correctly defined in the sense that
no weaker concept is appropriate for all monoids. Weakness is desirable
here since it allows for the most structure trees and thus enhances the
possibility of a having good structure tree.

A quantified formula with free variables describes a function on the free
variables. One can sometimes use such a formula to specify the function
represented by some function symbol in another formula. In such a case,
terms using the function symbol can be replaced by their defining formula
and the formula thereby transformed. We call this transformation a “local



replacement”. In Section 7, we show that this kind of local transforma-
tion is “structure preserving” in that a good structure tree for the original
formula translates into a good structure tree for the transformed formula.
These results have several implications:

1. When reductions are specified with such local transformations, struc-
tured instances are mapped into instances with similar structure.

2. The concept of “representability” as given by Schaefer [33] extends
to quantified formulas.

3. The results on hierarchical representations as given in [34] extend to
quantified formulas. Furthermore, local reductions of quantified hier-
archical descriptions preserve the structure of both the descriptions
and the expanded objects.

In Section 8, we find that the concept of an influence relation can be
weakened when one quantifier satisfies an equation analogous to the familiar
Vo (f(z) A g(z)) = (Vof(x)) A (Vzg(z)). Obviously, this is an important
special case because of the importance of Boolean monoids in modeling
decision problems. A “best” definition of influence for this special case is
given.

In Section 9, we discuss how to find good structure trees (if any) for
a given formula. Included is a method of computing influence relations in
O(n?) time.

In Section 10, we consider the relationship between weighted depth and
channelwidth and find that, unlike the single quantifier case (Section 6 of
[34]) a formula with small channelwidth can have large weighted depth.

Finally, in Section 11, we consider the computational utility of unquanti-
fied channelwidth (that is channelwidth unconstrained by influence) in the
quantified case. We find that formulas with small unquantified channel-
width can be used to describe NP-complete problems and thus (assuming
P#NP) are not helpful in the general case. This shows that the influence
relation is an essential ingredient of the multi-quantifier theory and that
more is required than a graphical analysis of which variables occur in which
clauses.

2. QUANTIFIERS

Suppose D and S are sets and m is a function that maps S? into S. If z
is a variable with domain D and f(z) is a function from D to S, we use the
notation m, f(z) to represent the value m(f(x)). The function m behaves
like a quantifier in that it can be used to map functions of several variables
into functions of one less variable as in h(y) = m,g(z,y). Specifically, for
any given value of y, g(x,y) is a function of  alone and h(y) is defined to
be the result of applying m to that function.



We are often interested in quantifiers which apply to more than one
domain. For example, we want to treat 3 as a quantifier for any finite
domain and seldom want to distinguish between 3 for some three-valued
domain and 3 for some four-valued domain. If name m is associated with
several quantifier functions, one for each domain in a set D, then m, is
understood to the quantifier function named m associated with the domain
of z. More formally, if we have a function m” : SP — S for each domain
D in a set of domains D, we use the notation m, f(x) to represent the value

mP=(f(z)) where D, € D is the domain of variable z.

DEFINITION 1. Let M = (S, +,0) be a commutative monoid and let D
be a set of finite domains. A quantifier symbol m for M and D is a set
of functions mP : SP — § for D in D such that

1. mz(f(z) + ¢) = (mf(x)) + ¢ for all functions f : D, — S and all
c€S;

2. mymyg(z,y) = mymgg(z,y) for all functions g : D, x D, — S;

where D, and D, are the domains of variables x and y. We refer to the
combination m, of quantifier symbol and variable as an M-quantifier.

We define several familiar quantifier symbols in this framework:

DEFINITION 2. Define the symbols 3, V, max, min, o, R, and 7 as
follows:

1. For the monoids Bo = ({TRUE, FALSE}, A, TRUE) and By = ({TRUE, FALSE}, V, FALSE)
and any finite domain D, define

3. f(z) = VdeD f(d) and Y, f(x) = /\deD f(d).

2. For ordered commutative monoid M = (S, +,0, <) 7 and non-empty
finite domain D, define
max, f(z) = max{f(d) | d € D} and min, f(z) = min{f(d) | d €
D}.

3. Let R = (S,+,-,0,1) be a commutative semi-ring. For the monoid
(S,-,1) and finite domain D, define the o-quantifier by

sz(m) = ZdeD f(d)

4. Let F = (S,+,+,0,1) be a commutative field containing the integers.
For the monoid (S, +,0) and finite domain D, define the stochastic
quantifier £ by

Ro (@) = (Laep F(@)/|D]).

5. For idempotent commutative monoid M = (S, +,0) ® and finite do-
main D, define the 7-quantifier by
wa(.ill') = EdeD f(d)

"In an ordered monoid, a < ¢ and b < d imply a 4+ b < ¢+ d.
8In an idempotent monoid, a + a = a for all a € S.




We claim that the above definition defines quantifier symbols:

PROPOSITION 1. 3, V, max, min, o, R, and 7 from Definition 2 are
quantifier symbols.

Proof. These symbols obviously satisfy Definition 1. 1

Quantifier symbols 3, V, max, and min as defined above have their
standard meanings. The formulas from [34], defined as sums of products,
are in effect expressions of the form [] .pp with all variables quantified
with o and the value (as defined in [34]) of the formula is just the value
(as defined in Definition 6) of this expression. Stochastic quantifiers were
defined in [27] (read R, as “for random z”). The definition of R here
extends in the obvious way to other probability distributions on the domain.
Specifically, if p; € S for d € D and ) ;. ps = 1, then m is a quantifier
where m, f(z) = Y cp(pa - f(d)). The 7-quantifier concept is new to
this paper and is discussed further in Section 8. It has certain interesting
properties not associated with the other quantifiers because the 7 quantifier
satisfies the equation 7, (f(z) + g9(2)) = 7. f(x) + T29().

Most of the functions associated with the quantifier symbols in Defini-
tion 2 can be expressed by a formula of the form

m.f(z) = @ f(d)

deD,

where @ is some kind of commutative associative operator on the set S from
the commutative monoid M = (S, +,0) under consideration. Because of
Definition 1(1), + and @ must satisfy the distributive law (c+a) ® (c+b) =
¢+ (a ®b). Quantifier symbols defined in this manner have a meaning for
all finite domains. Usually the & is different than the monoid +; but in
the case of the 7 quantifier they are the same.

PROPOSITION 2. Quantifier symbols 3, ¥V, max, min, o, and T are re-
lated as follows:

1. for the monoids Bn and By under the ordering FALSE < TRUE, min
and ¥V are the same and max and 3 are the same;

2. for the monoids Bn and By under the ordering TRUE < FALSE, max
and ¥ are the same and min and 3 are the same;

3. if ordered commutative monoid M = (S,+4,0,<) has a largest ele-
ment 00, then max is the o-quantifier for the commutative semi-ring
(57 max’ +5 CX)’ 0);

4. if ordered commutative monoid M = (S,+,0,<) has a smallest ele-
ment —oo, then min is the o-quantifier for the commutative semi-ring
(S7 mina +7 —00, 0)7

10



5. the o-quantifier for semi-ring ({TRUE, FALSE}, V, A, FALSE, TRUE) is 3
and the o-quantifier for semi-ring ({TRUE, FALSE}, A, V, TRUE, FALSE)
is V;

6. the T-quantifier for Ba is V and the T-quantifier for By is 3.
Proof. Obvious.

Definition 1 excludes some quantifier concepts that might be legiti-
mately considered as quantifiers in other contexts. One such example
is the Boolean valued “there exists a unique” defined by U, f(z) <=
({z|f(x)}| = 1). This “quantifier symbol” fails to satisfy Condition 1 for
either monoid B or By. It also fails to satisfy Condition 2 for domains
with more than two elements. The same remark applies to other quantifiers
based on cardinality such as those in [26]. Even 3 and V fail Condition 1
for the monoid of Boolean values under exclusive-or. These excluded quan-
tifiers are of no interest in the context of our theory because they cannot
be moved around in their quantifier lists. When Condition 1 fails, even the
concept of “independent subproblems” breaks down. It should be noted,
however, that “quantifiers” satisfying Condition 1 but not Condition 2 can
be accommodated in our theory by treating different occurrences of the
quantifier symbol as different symbols.

DECLARE ARRAY T[D,] oF S
FOR « < ALL d IN D,
T(z) « f(x)
END FOR
2z +— m(T)

FIG. 1 General Pseudo-code for m f(x)

INITIALIZE 2,
FOR = ¢ ALL d IN D,
2 — 22 @ f(2)

END FOR

FIG. 2 Special Pseudo-code for m, f(z)

We close this section with some discussion about computing m, f(z).
Figure 1 gives pseudo-code which applies to all quantifiers and Figure 2
gives pseudo-code which applies to all quantifiers obtained from a @ oper-
ator. In both cases, the program ends with variable z, having the value

myg f ().

11



We call the loop in Figure 1 the “standard loop for m”. To interpret
the final step z, + m(T'), remember that a quantifier is really a function
on functions from D, to S (Definition 1) and that array T specifies such a
function. If S is finite, then each assignment and the final m(T") each take
only constant time. If S is infinite, then the actual costs must take into
account the representation of S and the subset of S that might be returned
by f(z). Remember, however, that our interest is in a generic assessment
of the complexity and that we limit our analysis to counting operations. In
this case, we observe that the standard loop performs 2-|D,|+1 assignments
and one call on the quantifier function.

The pseudo-code of Figure 2 is simpler in that it doesn’t require the
array T. However, the burden of keeping the array T is inconsequential in
comparison with the other effects of large domains. In our discussions of
space complexity, we take the liberty of ignoring the contributions of these
arrays. Technically, this can be justified by assuming all variables are from
some fixed domain or by assuming all quantifiers can be computed as in
Figure 2.

3. QUANTIFIED FORMULAS

Here we provide definitions enabling us to discuss formulas and their
values. First we provide some notation for describing assignments:

DEFINITION 3. Given a set of variables V', an assignment on V is a
pairing in which each variable z from V is paired with a value in the domain
of z. The set of assignments on V will be designated by the notation I'(V).
(@) contains one assignment, namely the empty set of pairs. For any
assignment 7, we denote the variables in v by VAR(y) (i.e. VAR(y) =V if
and only if v € T'(V)). If ; and 7, are assignments such that VAR(v;) N
VAR(s) = 0, we let 1 + 72 be the assignment in T'( VAR(v1) U VAR(72))
formed by taking the union of the two assignments.

Next we introduce notation for writing terms:

DEFINITION 4. A base symbol f is a symbol which has an associated
integer k called the arity of f and an associated vector of k& domains
Dy ---Dy. A term for f is a string of the form f(z1,...,zx) where the x;
are variables or constants and the domain of z; is D;. If f is the name of
a function which maps D; x --- X Dy, into a set S, any term for f is also
called an S-term. If S is the set of elements from a monoid M, an S-term
will also be called an M-term.

For any term p = f(z1,...,Zx), |p| is defined to be k+1 and is called the
size of p. VAR(p) is defined to be the set of variables on the list z1, . .., z.
If v is an assignment, p[y] is defined to be the term obtained from p by
replacing each z; in VAR(y) N VAR(p) by its assigned value. If P is a set
of terms, define VAR(P) = Upep VAR(p).

12



In practice, we allow any notation for terms where the meaning is clear.
Thus the clause (£ AGAz) is considered a {TRUE, FALSE}-term even though
not expressed in the functional notation f(z,y,2)

For monoid M = (S,+,0), one can construct quantified expressions
in the usual way using quantifiers, terms, the operator 4+, and matching
parentheses. We have a special notation for denoting formulas in prenex
form with a kernel that is the sum of terms.

DEFINITION 5. Let M = (S, +,0) be a commutative monoid. A quan-
tifier list  for M is a list of M-quantifiers such that no variable appears
on the list more than once. Let VAR(Q) denote the set of variables on list
@ and |Q| denote | VAR(Q)|. If z and y are in VAR(Q), we write  <g y
if and only if z occurs before y on list Q). If V is a set of variables, Qv
denotes the list ) with the variables not in V deleted (i.e. @ restricted to
V).

Example: () = max,, min, min, max, is a quantifier list, VAR(Q) =
{w,2,y, 2}, Qfs,y3 = ming miny, and w <q y.

DEFINITION 6. Let M = (S,+,0) be a commutative monoid, let @ be
a quantifier list for M, and let P be a set of M-terms. Then we let the pair
F = (Q, P) denote the expression Q(Epe pp) and we call F' a quantified
M-formula. If W is a set of variables such that W N VAR(Q) = 0 and
W D VAR(P) — VAR(Q) and if v € T'[W], then the notation (Q, P)[7]
denotes the value of the quantified expression Q(3_ ¢ p P[7])-

We let FREE(F) denote the set VAR(P) — VAR(Q), the set of free
variables in F. If FREE(F) is empty, then F is called fully quantified
and we define VALUE(F) to be the value of the denoted expression.

Example: If Q = max,min; and P = {f(z,y),9(y,2)}, then F =
(@, P) denotes the quantified expression max, min; (f(z,y)+g(y, z)). Since
F is fully quantified, this formula represents a single value denoted by
VALUE(F). In logic, fully quantified formulas are usually called “sen-
tences”.

For a monoid, the result of summing an empty set of values is defined
to be the monoid identity 0. Thus Definition 6 makes sense even if P is
empty. In fact, the only use of the monoid identity in this paper is that the
theorems and definitions make sense for empty sums. It would be awkward
but doable to develop this theory without using 0.

We will refer to “quantified formulas” instead of “quantified M-formulas”
if the monoid is understood or if the formula is uninterpreted.

Note that if F' = (@, P) is a fully quantified formula, we can also write
VALUE(F) = (Q, P)[] where 7y is the one assignment on the empty set
VAR(P) — VAR(Q) of free variables.

One way to compute the value of a fully quantified M-formula (Q, P)
is to nest standard loops from Figure 1, one loop per variable, together
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with the obvious inner loop ranging over p € P. For a formula with two
quantified variables, the pseudo-code is shown in Figure 3.

DECLARE ARRAYS T1[D,] AND T5[D,] OF S
FOR <+ ALL d IN D,
FOR y < ALL d IN D,
v+ 0
FOR p € P
v+ v+ p(z,y)
END FOR
Taly] v
END FOR
T [.CE] < m(Tz)
END FOR
z « m(Ty)

FIG. 3 Pseudo-code for m,my (3 ,cpp)-

Notice that the pseudo-code has four kinds of operations, namely predi-
cate evaluations, + operations, calls on the quantifier functions, and assign-
ments. We describe the generic time complexity of our generic algorithms
by counting the number of times each of these operations is performed. In
the case of nested standard loops, this generic complexity is described by
the following;:

PROPOSITION 3. If an expression of the form Qf(...) is evaluated using
nested standard loops, then

1. the number of times each p in P is evaluated is |[T[VAR(Q)]|,
2. the number of + operations is |P| - |[[[VAR(Q)]|,

3. the number of calls on the quantifier function for a given variable is
O(IT[VAR(Q)]]),

4. the number of assignment operations is O(|T[VAR(Q)]|(|Q| + |P|))-
Proof. Obvious.

This method is “brute force” in the sense that it evaluates the sum of
the terms for all assignments to the variables. The lemma implies that the
brute force method takes exponential time even if the terms are easy to
evaluate and the operations easy to perform. We will see that some formu-
las can be solved much faster by exploiting the “subproblem independence”
that is displayed in a “structure tree” as defined in the next section. The
speed-up can be attributed to the fact that structure trees display groups
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of quantified variables which can be interchanged and moved down onto
subexpressions. In preparation for these results, we finish this section with
some key observations about moving and interchanging quantifiers. Mov-
ing or exchanging quantifiers is OK as long as the original and modified
expressions are “equivalent” in the following sense:

DEFINITION 7. Two expressions are equivalent if and only if they have
the same free variables and, for any assignment ~ to the free variables, the
resulting expressions have the same value.

LEMMA 1. Let M = (S, +,0) be a commutative monoid and let Ey and
E> be expressions constructed from quantifiers, M-terms, the operator +,
and parentheses. Let x be a variable which is not quantified in Ey and does
not occur at all in Es and let my be an M-quantifier. Then the expressions
my(E1) + Ey and m,(Ey + E3) are equivalent.

Proof. Immediate from Condition 1 of Definition 1. 1

This lemma leads to the following result for interchanging adjacent
quantifiers.

THEOREM 1. Let M = (S,+,0) be a commutative monoid, let (Q, P)
be a quantified M-formula, let x and y be two variables not in VAR(Q),
and let m and ™ be quantifier symbols (not necessarily distinct). Then

(mamyQ, P) and (mym,Q, P)
denote equivalent expressions if either
1. m=m or

2. P can be partitioned into two sets Py and Py such that x ¢ VAR(Ps),
y ¢ VAR(Py), and VAR(Q) N VAR(P) N VAR(P,) = 0.

Proof. Condition 1 is immediate from Definition 1(2). To prove Con-
dition 2, consider the expression m,m,Q(E1 + E2) where E; = Epe PP
and E» = ) p p. Each quantifier can be moved down onto one of the
subexpressions E; or E, using Lemma 1 until finally m, is moved down
to E; and m, moved down to E». Then the the quantifiers can be moved
back up to obtain the ordering m,m,Q.

The above proof says that, for any assignment ~y to the free variables, the
value of both formulas can be obtained by solving independent subproblems
(m2Q1, P[] and (71,Qa, Py)[7] (where VAR(Q:) U VAR(Q2) = Q and
VAR(Q1) N VAR(Q2) = 0) and adding the results together. We call these
“subproblems” because the formulas have only free variables in common
and thus become “independent” after the free variables have been assigned
values. The potential of subproblem independence for speed-up can be seen
from the fact that solving the subproblems by brute force is exponential
only in the sizes of ()1 and (> rather than in the size of Q.
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4. STRUCTURE TREES

Given a fully quantified M-formula F = (Q, P), we would like to com-
pute VALUE(F) faster than by the exhaustive method previously dis-
cussed. Given that formulas can directly describe NP- and PSPACE-
complete problems, it would be remarkable (for complexity theory reasons)
if we could do this in general but we can do it better if we can associate the
formula with a suitable “structure tree” as defined below. This tree can
be exploited in several ways, as given in Section 5, to compute the value.
In this section, we present the structure tree concept and certain algebraic
equations which explain the correctness of the faster algorithms given in
Section 5.

In [34], a structure tree concept for unquantified problems was devel-
oped. There, subproblem independence could be based entirely on how
variables were shared by terms. Here, the matter is more complicated be-
cause of the quantifiers. The following concept will enable a structure tree
concept which takes the quantifiers into account.

DEFINITION 8. Let F' = (Q, P) be a quantified formula and let m, and
m, be quantifiers in ). We write z < y or z influences y if and only if
m # T and there exists a sequence of variables z; ...z from VAR(Q) such
that

1. 2y =z and 2 = y;

2. for each i, 1 < i < k, there is a term ¢; in P such that {z;, 2,41} C
VAR(t:);

3. 21 <gzifori,1 <i<k;

4. there does not exist a j, 1 < j < k, such that the quantifier symbol
for z; is not m and z; <g z; for all 4, j <i <k.

The sequence 21 ...z is called an influence sequence from z to y.

Relation < is a partial ordering because it is contained in <g. The pur-
pose of < is to describe when quantifiers can be reordered. More specifically,
Theorem 10 shows that two adjacent quantifiers m, and M, in quantifier
list @ can be interchanged without changing the value of (@), P) whenever
z and y do not satisfy z < y or y < z. Theorem 11 says that, without
considering semantics, no smaller < has this property.

Condition 4 says in effect that “no suffix of an influence sequence is an
influence sequence.” This is implied by the following proposition:

PROPOSITION 4. Let F = (Q, P) be a quantified formula and let 21 . . . 2
be a sequence of variables from VAR(Q) such that z1 and zj have different
quantifier symbols and such that Conditions 2 and 3 of Definition 8 hold.
Then there is a unique i, 1 < i < k, such that subsequence z; ...z is an
influence sequence.
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Proof. There cannot be distinct ¢ and j such that both z;...z, and
zj ...z are influence sequences because (assuming ¢ < j) Condition 4 for
zi - ..z, asserts that such a j does not exist.

If 21 ...2; is not an influence sequence, it must be because Condition
4 fails. The negation of Condition 4 implies there must be a maximal j
such that z; has a quantifier symbol different from z;, and z; <g #2; for all
i, j <@ < k. Clearly z;...z; is an influence sequence.

The influence relation is a purely combinatorial concept in that it ap-
plies to any quantified formula and can be computed without knowing the
semantics of the quantifiers and terms. This is why the statement of the
definition says “quantified formula” instead of “quantified M-formula”.

Note that the influence relation is empty if all the quantifiers have the
same quantifier symbol. This reflects the fact that quantifiers with the
same quantifier symbol can be interchanged arbitrarily.

When we use the terms “ancestor” and “descendant”, we consider any
tree node to be an ancestor and a descendant of itself.

DEFINITION 9. Let F' = (Q, P) be a quantified formula. A structure
tree S for F is a triple (T, a, ) where

1. T is a rooted tree with node set IV,
2. a: VAR(Q) — N gives the variable association ,
3. B : P — N gives the term association ,

4. forallyin VAR(Q) and pin P, ify € VAR(p) then a(y) is an ancestor
of B(p) in T,

5. if z and y are in VAR(Q) and z < y, then a(z) is an ancestor of a(y).
6. If x in FREE(F), then a(z) is the root of T'.

This is essentially the definition of a structure tree for formulas as given
in [34] with Conditions 5 and 6 added. Condition 5 can be interpreted as
asserting that any information upon which a variable really depends must
be placed higher in the tree. This condition is vacuous if all the quantifier
symbols are the same because then the influence relation is empty. Condi-
tion 6 takes effect only when the quantified formula has free variables. The
structure trees of [34] are in effect structure trees for one quantifier symbol
formulas with no free variables.

There are several concepts pertaining to the nodes of the structure tree
that are needed later. We present these in the next definition.

DEFINITION 10. Let F = (Q,P) be a quantified formula and S =
(T,a,B) be a structure tree for F' with node set N. For each node n,
define the following:
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1. A(n) ={y € VAR(Q) | a(y) = n}, the variables associated with n.

2. B(n) = {p € P|B(p) = n}, the terms associated with n.

AD(n) is the union of the A(n') such that n' is a descendant of n.
(

BD(n) is the union of the B(n') such that n' is a descendent of n.

A S

y in VAR(Q) is a branch variable at node n if and only if a(y) is
an ancestor of n. Let BV{(n) be be the set of branch variables at n.

6. y in VAR(Q) is a channel variable at node n if and only if y is a
branch variable and either (i) n = a(y) or (ii) there is a p € P such
that y € VAR(p) and B(p) is a descendant of n. Let CV(n) be the
set of channel variables at n.

In (6), Case i is implied by Case ii whenever y appears in some term.
One consequence of Case i is that every variable is a channel variable of at
least one node.

Intuitively, if y is a variable and p a term such that y € VAR(p), the
tree nodes n which connect a(y) to 8(p) must be used to “channel” the
value assigned to y to the term p which uses the value. Thus we say v is
a “channel variable” of n. Similarly, one can think of CV(n) as the set of
variables v which have node n in their scope.

The algorithms described in the next section take a structure tree as
part of their input and the complexities of these algorithms are charac-
terized in terms of the parameters “weighted depth” and “channelwidth”
defined as follows:

DEFINITION 11. If S is a structure tree with node set N, we define
WD(S), the weighted depth of S, to be the maximum of {|BV(n)| | n €
N}. We define CW(S), the channelwidth of S, to be the maximum of
{ICV(n)||n € N}.

If F is a formula, the minimum weighted depth over all structure trees
for F' is called the weighted depth of F. The minimum channelwidth
over all structure trees for F' is called the channelwidth of F.

There are various identities that hold among the concepts introduced
in Definition 10. Two needed later are as follows:

PROPOSITION 5. If S is a structure tree for formula (Q, P) and node
n' is a child of node n in S, then

1. BV(n) = BV(n') — A(n')
2. CV(n) D CV(n') — A(n')
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Proof. These are straightforward consequences of Definition 10.

We note that the concepts in Definitions 10 and 11 are identical to those
for the structure trees of unquantified formulas in [34]. They are purely
combinatorial in that they apply to any quantified formula and not just
M-formulas. The remaining results in this section relate the structure of
M-formulas to their values. The results are central to the correctness of
our generic algorithms.

THEOREM 2. Let S = (T,a, ) be a structure tree for quantified M-
formula F = (Q, P) and let n be any node of T. Then the expression de-
noted by the M-formulas (Q 4 p(n), BD(n)) and (Q a(n)Q 4 D(n)—A(n), BD(n))
are equivalent.

Proof. We want to show that (Qa(n)QaD(n)—A(n), BD(n)) can be sys-
tematically transformed into (Q apn), BD(n)) where each formula in the
sequence denotes an expression equivalent to that denoted by its predeces-
sor. This transformation is achieved by repeatedly interchanging any two
adjacent quantifiers m, followed by m, where x € AD(n)—A(n),y € A(n),
and m, <g m,. Each quantifier list Q' obtained during these interchanges
will have the following two properties:

1. for all v € AD(n) — A(n) and v2 € AD(n), v1 <gr v2 implies v1 <g
V2.

2. for all vy € A(n) and va € AD(n), va < vy implies va <g vy.

(Proof: list QA(n)@QAD(n)—A(n) has these properties and the interchanges
preserve them.) Once all such interchanges have been performed, the result
is clearly list @ 4p(n)-

If Q' = QimymyQ2, we need only show that (mym,Q2, BD(n)) and
(MymgzQ2, BD(n)) denote equivalent expressions. If T = m, then the
expressions are equivalent by Theorem 1(1). Now suppose the quantifiers
m and 7 are different. We consider two cases.

Case 1: There exists a sequence of variables z; ...z, such that ¢ = 21,
y = 2z, and for each i, 1 < i < k, there is a term ¢; in BD(n) such that
VAR(t;) D {#i,2i+1} and & <g' 2z; for 1 < i < k (and by Property 1
z <qg #). We also have x <qg z; for i = k since z;, = y and z <g y is
assumed. Because z; ...z satisfies the hypothesis of Proposition 4, there
is an ¢ such that z; ...z is an influence relation. Thus z; < z(= y) even
though a(y) = n and a(z;) in AD(n) — A(n) is below n. This violates
Definition 9(5). Thus Case 1 is impossible.

Case 2: The sequence in Case 1 does not exist. Then P can be par-
titioned into into two sets P, and P, where P, contains the terms with
variables connected to x by such sequences and P, contains the remaining
terms. This partition satisfies Theorem 1(2) and thus the interchange is
valid.
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THEOREM 3. Let S = (T, a, ) be a structure tree for quantified M-
formula F = (Q,P), let n be any node of T, and let ny,...,n; be the
children of n. Then the expressions

Qapm( Y, D)

pEBD(n)

and

k
QA(n)[ Z p+ ZQAD(m)( Z p)]

pEB(n) i=1 pEBD(n;)

are equivalent.

Proof. From Definition 10 it follows that AD(n) = A(n)U (Uic AD(n;))

and BD(n) = B(n)U (U’lc BD(n;)). Thus the two expressions have the same
terms and the same quantified variables and thus the same free variables.
If A(n) = AD(n), then the AD(n;) and hence the @ 4 p(n;) are empty and
the expressions are immediately the same. If A(n) # AD(n), there must
be a first quantifier m, on list Q4 p(,) which is not on @ 4¢,). Quantifier
m, must be on some Q 4 p(n;) and must be first on this list (any preceding
quantifier would also precede m, on Q4p(») contradicting the choice of
m;). By Lemma 1, m, can be moved out to the end of the list @ 4(n). Re-
peating this with the second quantifier and so forth until all the quantifiers
are outside, we can write the expression as

QamQanm)-am( Y, )

pEBD(n)

This is the expression denoted by formula (Q 4(n)®@ 4 p(n)—A(n), BD(n)) and
Theorem 2 thus says this expression is equivalent to the expression denoted

by (QAp(n): BD(n)), namely Q 4p(n)(>_,cpP)- 1
Theorem 3 can also be expressed as follows:

PROPOSITION 6. Let S = (T,a, ) be a structure tree for quantified
M-formula F = (Q,P), let n be any node of T, and let nq,...,ny be the
children of n. Then the expression denoted by formula (Qap(n), BD(n)) is
equivalent to the expression described by

k
Qam)l Z p+Z(QAD(n,-)aBD(ni))]

peB(n) =1

This formulation suggests that formulas can be evaluated by recursive
procedures which assign values to structure tree nodes. This is the topic
of the next section.

Theorem 3 also implies a method of interpreting the structure tree as
the description of an expression in which quantifiers have been rearranged
and moved down onto subformulas:
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THEOREM 4. Let S = (T, a, ) be a structure tree for quantified M-
formula F = (Q,P). The expression denoted by F is equivalent to the
expression E described by the following grammar having one nonterminal
E,, for each node of T, having starting nonterminal E, where r is the root
of T, and having the following production for each node n:

k
E, — QA(n)[ Z p+ ZEﬂk]

pEB(n) 1
where nodes ny - --ny, are the children of node n.

Proof. Tt can be seen inspecting the two expressions in Theorem 3 that
each nonterminal E,, generates an expression equivalent to the expression

denoted (AD(n), BD(n)).

PRrROPOSITION 7. The quantifiers in expression E of Theorem /4 are
nested to a depth equal to the weighted depth of the structure tree.

Proof. Obvious from the construction in the proof of Theorem 4.

If the formula F' in Theorem 3 is fully quantified, then the expression
derived from the structure tree can be converted using standard loops into
a program to find the value of F. By Proposition 7, these loops are nested
only to the weighted depth of the structure tree and thus the number
of operations performed by this program is exponential only in weighted
depth. This is a non-recursive description of Plan 1 in the next section. The
running time may be improved to be exponential only in channelwidth (by
employing memoization or dynamic programming) to eliminate redundant
calculations. This is the essence of Plan 2 in the next section. Both plans
are can be much faster than brute force plans which are exponential in |Q)|.

Notice that the expression E from Theorem 3 and hence the expres-
sion’s value depends both on the quantifier order and the structure tree. If
|A(n)| <1 for all tree nodes n, the expression E can be constructed from
the structure tree alone and there is thus a single value associated with
that tree. Later we will need the fact that every formula has at least one
such tree:

THEOREM 5. Ewvery fully quantified formula (Q, F) has a structure tree
with |A(n)| =1 for all tree nodes n.

Proof. Suppose Q is mL, ...m% for some k. Let T be the tree with
nodes n; ...ng where the parent of n; 41 is n; for 1 <i < k. Let a(z;) = n;
for 1 <4 < k and B(p) = ny for all pin P. It is easily verified that (T, o, 3)
is a structure tree for (@, P).

The structure tree from the proof is just a representation of brute force
evaluation.
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5. COMPUTING THE VALUE

In this section, we consider two plans for exploiting a given structure
tree to find the value of a M-formula. Both are based on Proposition
6. One plan allows the value to be computed in time exponential only
in the weighted depth of the structure tree. The space used by this plan
is essentially linear. The other plan allows the value to be found in time
exponential only in the channelwidth. This can be a considerable improve-
ment over the time of Plan 1 since channelwidth can be much smaller than
weighted depth (See Section 10). However, Plan 2 has a big disadvantage
in that it uses space exponential in the channelwidth.

Plan 1: Given a fully quantified M-formula (@, P) and a structure tree
for the formula, the value of the formula can be found by recursively com-
puting the various (Q ap(n), BD(n))[y] where n is a node of the structure
tree and -y is an assignment from I'[BV(n)—A(n)]. (Note that BV(n)—A(n)
is empty if n is the root and otherwise, by Proposition 5, is the set of branch
variables of the parent of n.) The computation is done using the following
ideas:

1. To compute (Q Ap(n), BD(n))[7] for some node n of the structure tree
and some v € I'(BV(n) — A(n)), use Proposition 6 and standard
loops to obtain this value. Inside the innermost loop, an assignment
~v' € T(A(n))) is under consideration, and the following items are
computed and summed:

* 2 penm Pl +7]

® (Qap(nr), BD(n'))[y + '] for all children n' of n. (The require-
ment that v + 4" be in T[BV(n') — A(n')] is met because of
Proposition 5(1).)

2. To start the recursion, find (Q ap(r), BD(r))[7] where r is the root of
the structure tree and < is the one assignment in I'[BV (r) — A(r)] =
['[0]. (Observe that AD(r) = VAR(Q) and BD(r) = P and thus this
call returns VALUE(P,Q))

3. Use global variables, one for each variable of @, to keep the v and +/
required in (1).

To bound the complexity of this procedure, we observe the following:

LEMMA 2. Let F = (Q,P) be a fully quantified M-formula and let
S = (T,a,pB) be a structure tree for F'. Then, when an algorithm following
Plan 1 above is used to find VALUE(F),

1. for each node n of T and assignment v in T(BV(n) — A(n)), the value
of (Q Bv(n), BD(n))[7] is computed exactly once,

2. each term p € P is evaluated [T(BV(B(p)))| times,
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3. each variable x in VAR(Q) is assigned a value at most |T'(BV(a(z)))]
times.

Proof. Let n and v be as in Part 1. If n is the root, BV(n) — A(n) is
empty and -y must be the one assignment in I'(BV(n) — A(n)). This one
assignment corresponds to the initial procedure call. If n has a parent 7,
v =71 + v2 where 11 € T'(BV(n) — A(n)) and v2 € T(A(n)). The cor-
responding call occurs when (Q py(m)—a(m)), BD(7))[11] is being evaluated
and the variables in A(7) have been set to 2. Thus Part 1 holds.

A given term p € P is evaluated only when some (Q v(s(p))—4(8(p))» BD(B(P))[7]
is being evaluated and some assignment ' to A(8(p)) has been made. But
v+ ' is an assignment to BV(8(n)) and so p is evaluated once for each
such assignment. Thus part 2 holds.

Part 3 follows because the variable z is assigned a value only when
node a(z) is under consideration and z is changed while the loop for z is
executed. This happens at most once for each assignment to the variables
in BV(a(z)) (less if z is not the last quantified variable on list Q 4(a(z)))-

There is nothing in the definition of a structure tree to prevent the
number of nodes from being much greater than the size of the formula
itself. Since our plans involve inspecting nodes of the tree, we cannot get a
meaningful complexity bound until we show that a large number of nodes
cannot be helpful.

DEFINITION 12. Let (T, a, 8) be a structure tree for quantified formula
F = (Q, P) and let n be a node of T. Node n is called surplus if and only
if n is not the root and A(n) = 0.

PROPOSITION 8. Let (T, a, B) be a structure tree for quantified formula
F = (Q,P). The following transformation will remove a surplus node n
from T without changing the branch variables or the channel variables of
the remaining nodes:

1. change the parent of the children of n to be the parent of n,
2. for p in B(n), change B(p) to the parent of n,

3. remove n from the node set.

Proof. Easily verified. 1

Since surplus nodes are easily removed from a structure tree without
changing the essential features (the branch and channel variables) we can
restrict our attention to running the generic algorithms on structure trees
which have no surplus nodes. In this case, we have a nice bound on the
number of nodes:

PROPOSITION 9. Let S = (T,a,B) be a structure tree for quantified
formula F = (Q,P). If S has no surplus nodes, then the number of nodes
in T is at most |Q| + 1.
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Proof. Since every non-root node n of T has A(n) # 0 and since « (by
definition) takes all free variables to the root, the number of non-roots is
bounded by |Q|.

Now we can state the full implications of Lemma 2:

THEOREM 6. Given F and S as in Lemma 2 where the weighted depth
of the tree is WD and where S has no surplus nodes and given a bound
D on the size of the variable domains, then during the execution of the
algorithm,

1. the number of term evaluations is O(|P| - DWP),
the number of + operations is O((|P| +|Q|) - D"P),

the number of calls on quantifier functions is O(|Q| - DWP),

T e

the number of assignment operations is O((|P| + |Q|) - DWP),

Proof. For any noden of T, |BV(n)| < WD by definition and |T'(BV(n))| <
DWDP_ Part 1 of the theorem is then immediate from Part 2 of the lemma.

The plus operation occurs immediately after a term is evaluated or a
node is visited. A particular term p is evaluated only when some assignment
to the branch variables of §(p) is under consideration and each node is
visited only when some assignment to the parent is under consideration.
Part 2 follows.

The quantifier function for some variable z is computed once for each
assignment to the variables before z in BV(a(z)) and Part 3 follows.

Assignments occur after each plus operation, each call on a quantifier
function, each time a loop variable is changed, and each time a loop is
started. The total occurrences of each of these cases is within the stated
bound and so Part 4 holds.

The theorem implies that the time of the algorithm will be O(|F|- D "P)
whenever the operations, assignments, and term evaluations can be done
quickly. The space is linear in | Q)| whenever values can be stored in constant
space and domain sizes are bounded.

There is some inefficiency built into Plan 1. For every node n of
the structure tree, the algorithm ends up computing the value of F,, =
(AD(n), BD(n)) for all assignments v in I'(BV(n) — A(n)). However, this
value depends only on v restricted to the set of free variables in F;, and here
this is the set CV(n)— A(n). This means that the same value is recomputed
|IT(BV(n) — CV(n))| times. The time of the algorithm can be improved by
maintaining a table T}, to store each of the various F,[y] the first time
it is computed. This value can then be looked-up instead of recomputed
whenever it is needed again.

Plan 2: Given a fully quantified M-formula F = (Q, P), the value
of the formula can be found by systematically constructing tables, one for
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each structure tree node n, where table T;, has an entry for each 7 in
[[CV (n) — A(n)]. The entry is used to store the value (Qap(n), BD(n))[7]
once it has been computed. This is done using the following ideas:

1. To compute (Q 4 p(n), BD(n))[y] for some node n of the structure tree

and some v € T'(CV(n) — A(n)), use Proposition 6 and standard
loops. Inside the innermost loop, an assignment ' € T'(A(n)) is
under consideration, and the following items are summed:

e the result of computing computing -, gp(,) P + ']

e for each child n' of n, the value of (Q 4 p(n'), BD(n'"))[y+~'] which
is table entry T, (7o) where g is v + 7' restricted to variables
in CV(n') — A(n'). (Proposition 5(2) insures that the variables
in 7+ 7' can be restricted to CV(n') — A(n').)

. Let 7 be he root of the structure tree. The table for 7). has one entry

because CV(r)— A(r) is empty. Upon completion, this entry contains
VALUE(F).

The table values can be found with a top-down approach of com-
puting an entry when it is first needed (a process sometimes called
“memoization”) or with a bottom-up approach of constructing the ta-
ble for a given structure tree node only after the tables for the node’s
children have been constructed (a process usually called “dynamic
programming.”)

LEMMA 3. Let F = (Q,P) be a fully quantified M-formula and let
S = (T,a,f) be a structure tree for F. Then, when an algorithm following
Plan 2 above is used to find VALUE(F),

1.

for each node n of T and assignment -y in T(CV(n) — A(n)), the value
of (@ CViny> BD(n))[y] is computed ezactly once,

. each term p € P is evaluated |T'(CV(B(p)))| times,
. each variable x in VAR(Q) is assigned a value at most |I'(CV(a(x)))]

times,

. for each non-root node n of T, the table T, is accessed |T'(CV(n'))]

where n' is the parent of n.

Proof. Similar to the proof of Lemma 2.

THEOREM 7. Given F and S as in Lemma 3 where the channelwidth of
the tree is CW and where S has no surplus nodes and given a bound D on
the size of the variable domains, then during the execution of the algorithm,

1.

the number of term evaluations is O(|P| - DY),
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2. the number of + operations is O((|P| +|Q|) - DY),

3. the number of calls on quantifier functions is O(|Q|- DY),
4. the number of assignment operations is O((|P| + |Q|) - DY),
5. the number of table look-ups is O(|Q| - DEW).

Proof. Similar to the proof of Theorem 6. 1

The theorem implies that the time of the algorithm will be O(| F|-D¢W)
whenever the operations, assignments, and term evaluations can be done
quickly. The tables computed by the algorithm have O(D%) entries.

6. QUANTIFIER ORDER AND INFLUENCE

Let FF = (Q,P) and F' = (Q', P) be quantified formulas where @' is a
permutation of (). We are interested in the following question:

Under what circumstances can we say that F' and F” have the
same value under any interpretation?

In this section, we give the following answer:

Formulas F' and F' have the same value (and the same influence
relation and the same structure trees) if Q' is consistent with
the influence relation of F'.

By “consistent”, we mean the following;:

DEFINITION 13. Let @ be a quantifier list and let < be a partial order-
ing on VAR(Q). We say that @ is consistent with < if and only if z < y
implies that x comes before y in Q.

We also want to show that our answer is the best possible in that,
if Q' is not consistent with the influence relation of F', then there is some
interpretation of the terms and quantifiers for which the values are different.
We show this in Theorem 11 with a very natural interpretation involving
the quantifiers min and max and the monoid 7 of integers under addition.

It is possible that, for particular quantifiers, the answer is not the best
possible and that some other definition of “influence” works out better.
This is true for the 7-quantifier (Definition 2(5)), an important special
case because of Proposition 2(6). This case is given special consideration
in Section 8.

LEMMA 4. If P is a set of terms and @ and Q' are two quantifier lists
with the same variables such that formulas (Q, P) and (Q', P) have different
influence relations, then there is an influence sequence z1 ...z for (Q,P)
such that 2y ... 21 is an influence sequence for (Q', P).
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Proof. Consider the shortest sequence z; ...zr which is an influence
sequence for one formula but not for the other. We can assume without
loss of generality that z; ...z, is an influence sequence for (@, P) but not
for (Q', P). We let m be the quantifier symbol for z; and m the quantifier
symbol for zz. We want to show that 2y ...z2; is an influence sequence for
(Q', P). Let z; be the variable (1 < £ < k) such that z; <¢/ z; for all i,
1<i<kandi#/L.

Consider first the case where the quantifier symbol for z, is not 7. Then
Proposition 4 says there is an ¢ such that z; ...z is an influence sequence
for (Q', P). We cannot have ¢ = 1 because it is assumed z; ...z is not an
influence sequence for (Q', P). We cannot have i > 1 because then z; ... 2,
being shorter than z; ... zx, would also be an influence sequence for (@, P)
contradicting the uniqueness asserted by Proposition 4.

Now consider the case where the quantifier symbol for z, is m. Propo-
sition 4 then says there is an ¢, £ > ¢ > 1, such that z;...2; is an influence
relation for (Q', P). If i < k, z; ...z, must also be an influence sequence
for (@, P). But this is impossible because we cannot have both z; <g z;
and the relationship z; <¢ 2z required by Definition 8(3).

The one remaining possibility is that ¢ = k. This means zj, ... 2; is an
influence relation for (@', P) which is what we wanted to show. 1

THEOREM 8. If P is a set of predicates and Q and Q' are two quantifier
lists with the same quantifiers such that formulas (Q, P) and (Q', P) have
different influence relations < and <', then there are two variables x and
y such that x <y and y <" x.

Proof. Immediate from Lemma 4.

THEOREM 9. If < is an influence relation for formula (Q, P) and Q'
is a permutation of Q, formula (Q', P) also has influence relation < if and
only if Q' is consistent with <.

Proof. Suppose (Q', P) has a different influence relation <’. Then The-
orem 8 says there are two variables x and y such that ¢ < y and y <’ z.
But y <’ z implies by Definition 8 that the quantifier for y comes before
the quantifier for z in Q' and so Q' is not consistent with <.

Now suppose that Q' is not consistent with <. This means that, for
some z and y, ¢ < y but the quantifier for y comes before the quantifier for
z in Q'. By Definition 8(3),  cannot influence y in (Q’, P) and so (Q', P)
has a different influence relation.

THEOREM 10. If quantifier lists Q and Q' have the same quantifiers

and formulas (Q, P) and (Q', P) have the same influence relation, then the
two formulas have the same structure trees and the same value.

Proof. The definition of a structure tree depends only on which vari-
ables belong to which terms and on the influence relation. These relation-
ships are the same for both formulas so they must have the same structure
trees.
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The structure tree for (@, P) given by Theorem 5 must therefore be
a structure tree for (@', P). Since |A(n)| = 1 for each tree node n, the
expression E from Theorem 4 is the same for both formulas and so both
formulas have the same value. 1

We now provide a converse for Theorem 10. The result uses the monoid
7 of integers under addition and the quantifier symbols max and min. A
formula constructed from this monoid and these quantifier symbols can be
interpreted as a zero-sum two-person game. In this game, a maximizing
player gets to choose an assignment to all variables quantified by max and
a minimizing player gets to chose an assignment to variables quantified by
min. The variables are assigned in the order they appear on the quantifier
list and each player is aware of all the previous choices when it is his turn to
assign a particular variable. After all variables are assigned, the minimizing
player pays the maximizing player the sum of the terms under the given
assignment.

In our proof, we make use of the facts from game theory (which we will
not prove) that the value of the formula is the game theoretic value of the
game and that this value is no smaller than any value guaranteed by some
strategy of the maximizing player and no larger than any value guaranteed
by some strategy of the minimizing player.

The reader may find it helpful to study the example given after the
proof.

THEOREM 11. Let P be a set of terms such that each term has a distinct
base symbol. Let ) and Q' be quantifier lists such that ) and Q' are
permutations of each other. If quantified formulas (Q, P) and (Q', P) have
different influence relations, then there is an association of base symbols
with integer valued functions and quantifier symbols with max and min
such that quantified Z-formulas (@, P) and (Q', P) have different values.

Proof. From Lemma 4, we know there is an influence sequence z ... zg
for (Q, P) such that 2y ...z, is an influence sequence for (@', P). We asso-
ciate the quantifier symbol of z; with max and the symbol of z; with min.
From definition 8, there are terms ¢; in P for 1 < ¢ < k such that z; and
ziy1 are in VAR(t;). To keep notation simple, we assume each that ¢; has
exactly two variables and can be written f;(z;, z;41)- We will also assume
these are the only terms in P, that all variables have the domain {0,1},
and that there are only two quantifier symbols. At the end, we explain
how these assumptions can be easily dropped.

If 2;41 has quantifier symbol min, we define fi(z,y) = 0if x = y
and f;(z,y) = 1 otherwise. If z;1; has quantifier symbol max, we define
filz,y) = 1if £ = y and f;(z,y) = 0 otherwise. Let vy be the sum of
all the terms when all variables have the value zero. By symmetry of the
construction, this is also the value when the variables have the value one.
We will show that the value of quantified Z-formula (@, P) is vp and the
value of quantified Z-formula (Q’, P) is at least vo + 1.
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Considering (@, P) as a game, we will show that the maximizing player
can insure a result of at least vg by assigning the same value to all variables
with quantifier symbol max. Without loss of generality, consider what hap-
pens when all are assigned zero. If the minimizer also assigns all variables
zero, the sum of the terms is vy by definition. Now consider a maximal
subsequence of variables z; ... z; such that z; is assigned one for ¢ < £ < j.
Because the z; have been assigned one, we know they belong to the min-
imizer. Because z; belongs to the maximizer, we know that ¢ > 1 and
that there is a variable z;_1. The term f;_1(z;—1, 2;) thus returns value 1
(zi = 1, zi—1 = 0, 2z; belongs to min). Terms fp(z¢,2¢41) for i < £ < j
return 0 and f;(z;, zj4+1) (which exists only if j < k) returns 0. Altogether,
these terms add up to the same as before (if j < k) or one more than before
(if j = k). Thus the minimizer can only lose by making some variable one

Now consider the minimizer strategy which sets all variables equal to the
value assigned to z;. This strategy is possible because Definition 8(3) says
z1 precedes the other z;. An argument similar to the previous paragraph
implies that this strategy assures that the minimizer pays no more than vy.
Thus the result vy can be guaranteed by both players and thus the value
of (@, P) is exactly vg.

In the game (@', P), the maximizing player can set all her variables to
be the opposite of z, now possible because z;, is set before all others. The
minimizing player now has some variables set differently than z; including
2, and, by the above argument, the result must be one greater than vg.
Thus (@, P) and (Q', P) have different values.

If a term t; has more than the two arguments, simply define the func-
tion to be determined (as above) just by the arguments associated with
z; and z;+1 and to be unaffected by the settings of the other variables. If
several of the terms are actually the same term, associate that term with
the function equal to the sum of the corresponding functions used in the
proof. If P contains a term other than the f;, associate that term with a
constant function. If @ has more than two quantifier symbols, make the
other quantifier symbols (that is, other than the quantifier symbols for z;
and z;) equal to quantifier symbols which behave like (but have different
names than) max or min. These changes do not affect the results of the
strategies considered above.

Example: Let () = max,, min, max, min, and let Q' = min, max,, max, min..
Let P = {f(w,2), g(z,y, 2)}. The influence relations for (Q, P) and (Q', P)
are the same except that w < = but x <’ w. The influence sequence from
w to z in (@, P) is w, z,y,z and the reverse sequence z,y, z,w is the in-
fluence sequence from z to w in (Q', P). As suggested by the proof, we
let f(w,2) =0 if w = z and f(w,z) = 1 otherwise. We let g(z,y,2) =
91(2,v) + g2(y,x) where g1(z,y) = 1if 2 = y and g1(2,y) = 0 otherwise
and where gs(y,z) = 0 if y = z and g5(y,z) = 1 otherwise. This makes
the terms into Z-terms and it can be verified that VALUE(Q, P) = 1 but
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VALUE(Q', P) = 2.

It should be noted that the formulas (@, P) and (Q’, P) above cannot
be made different if we replace max with 3, min with V and attempt to
make the terms map into the monoid Bx = ({TRUE, FALSE}, A, TRUE). The
order of w and z is irrelevant in this case because

FuVzIYVz(f(w, 2) A g(2,y,2)) = VeIwyVz(f(w, 2) A (2, y, 2))

for all Boolean valued functions f and g. (Because A commutes with V,
both expressions are equal to (JwVzf(w,2)) A (VzIyVz(g(z,y,2)).) There
is a concept of influence which is more suitable for quantified Boolean
formulas. This is studied in Section 8.

An open question suggested by Theorem 11 is this: what other monoids
and quantifiers also satisfy the theorem? Our proof makes use of the fact
that the monoid is on an infinite set. Are there any monoids on a finite set
which also satisfy the theorem? If we are allowed to pick a monoid after
the formulas are given, then a finite monoid can be picked as described in
the following corollary:

COROLLARY 1. Let P be a set of terms such that each term has a dis-
tinct base symbol. Let Q and Q' be quantifier lists such that ) and Q' are
permutations of each other. If quantified formulas (Q, P) and (Q', P) have
different influence relations, then there is a finite monoid M = (S, ®) and
an association of base symbols with S-valued functions and quantifier sym-
bols with max and min such that quantified M-formulas (Q, P) and (Q', P)
have different values.

Proof. Let zg,. ..,z be as in the proof of Theorem 11, let S be the set
of integers from 0 to k, and let @ be defined by a ® b = min{a + b, k}.
Clearly M = (S, ®,0) is a commutative monoid and max and min defined
in the usual way are quantifiers for M. The proof of Theorem 11 goes
through as given using M instead of Z. 1

7. LOCAL REPLACEMENT, LOCAL REDUCTIONS, AND
HIERARCHICAL SPECIFICATIONS

A quantified formula with free variables represents a function from the
domains of the free variables into the formula’s monoid, as indicated in
Definition 6. Such a formula can be used to define the function associated
with the base symbol of a term (Definition 4). In this section, we show how
such defining formulas can be used as macros to replace terms in a formula
by their definitions. This is done by replacing free variables (i.e.. formal
parameters) of the definition with the corresponding arguments of the term
(i.e. the actual parameters) and by appending the quantifier list from the
defining formula to the quantifiers of the formula being expanded. °

9We always assume without loss of generality that the variables of the definition and
the formula are disjoint.
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We refer to the replacement of a term by its definition as a “local re-
placement.” We refer to the local replacement of all terms as a “local reduc-
tion”. In finite model theory [15], defining formulas of the type described
here are known as “syntactical interpretations” and the local reductions
used here are examples of “logical reductions”. Although we are giving
local reductions a very brief treatment here, we have found evidence in our
other work that having a formal way of treating local reductions is very
useful and that, when taking an algebraic view of problem specifications,
local reductions can be viewed as a natural algebraic extension of homo-
morphisms. We also discuss briefly the application of local replacement to
hierarchical specifications.

In this section, it is shown that

1. a formula obtained by local replacement has the same value as the
original formula (Lemma 5),

2. a “good” structure tree for a formula and a “good” structure tree for
a replacement rule can be combined to get a “good” structure tree
for the transformed formula (Theorem 12) and

3. local reductions preserve structure (Corollary 2).

LEMMA 5. Let M = (S,+,0) be a commutative monoid, let Fi =
(Q1, P1) be a fully quantified M-formula, and let t = f(x1,...,zx) for some
k be a term in P. Let F» = (Q2,Ps) be a quantified M-formula with free
variables 21, ...,z such that f(z1,...,2,)[y] = VALUE(Fy[Y]) for all v in
T[FREE(F,)] and such that VAR(F) N VAR(Fy)) = (. Let F3 = (Qs, Ps)
where Q3 = Q1Q2 and let Ps = (P — {t}) U Py[yo] where o is the assign-
ment 1 which replaces each z; by x;. Then VALUE(F,) = VALUE(F3).

Proof. Because VAR(Q2) N VAR(P;) = () and because of Lemma 1, the
values of both formulas are equal to the value of the expression Q1 (> pre(P—{th P17t

Q2(szep2 p2[70]))-

THEOREM 12. Let Fy, F,, and F3 be as in Lemma 5. Let CW; and
WD; be the channelwidth and weighted depth of F; for i =1,2,3. Then

1. CW3 < max{CWy, CWs},
2. WD3 < WDy + WDs.

Proof. Let S; = (T1,a1,61) and Sa = (T»,as,2) be structure trees
for Fy and F» respectively. To get a structure tree S3 = (T3, as,f3) for
F3, combine T} and T, into tree T3 by making the root of 75 be a child
of 81(t) and define a3 and B3 have the same values as a1, az, f1, and Ss.

10The assignment notation is extended here in the obvious way to allow the replace-
ment of variables by variables.
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That is, az(z) = ai(x) for ¢ € VAR(Q1), as(z) = az(z) for z € VAR(Q-),
B3(p) = B1(p) for p € P1, and B3(p[0]) = B2(p) for p € P.

We must verify that S3 satisfies Definition 9. Conditions 1, 2, and 3
are true by construction. Condition 6 is vacuously true (and would be true
even if F; did have free variables.) It remains to verify Conditions 4 and 5.

Let p be a term in P3 and let y be a variable in VAR(p). If p € P; and
y € VAR(Q1), then a3(y) is above B3(p) because the same is true in Sj.
If p € Py[y] and y € VAR(Q)2), then as(y) is above f5(p[yo]) because the
same is true in Sy. The only other case is that p € Pa[y] and y € VAR(Q1).
In this case, a1 (y) is above B1(t) which is above the root of T» which is
above B3(p).

Finally, we must show that Condition 5 holds. Suppose that z < y in
F5 and let z; ...z be as in Definition 8. We need to prove that as(z) is
an ancestor of az(y). There are four cases to consider:

Case x and y in VAR(Q2): Since ()2 comes after (J; in Qs, all the z;
must be in VAR(Q2) (Definition 8(3)) and the terms connecting the z; must
be from Py[yo]. Therefore z < y in S and asz(z) = ax(z) is an ancestor of
a3(y) = az(y).

Case z and y in VAR(Q1): In this case, some of the z; may be from
VAR(Q2). We claim that deleting these z; from the sequence results in an
influence sequence for Fj.

If z; is from VAR(Q1) and either z;_1 or z;4; is from VAR(Q-2), then
z; must be a variable in some term from P»[yo] and hence z; in VAR(t).
Thus if 2; and z; become adjacent after removing variables from VAR(Q)2),
{zi,2;} C VAR(t) and Definition 8(2) is satisfied for the modified sequence.
The other conditions are easily verified and so < y in F;. Thus as(z) =
as () is an ancestor of az(y) = ay(y).

Case ¢ in VAR(Q1) and y in VAR(Q2): There must be a largest ¢ such
that z; is in VAR(Q1). As in the previous case, z; is in VAR(t). Ifi =1,
then az(z) = aq(z) = a1(#1) is an ancestor of f;(¢t) which is an ancestor
of all p[yo] in P[yo]. If i # 1, then z; must have the same quantifier as y
(otherwise Definition 8(4) is violated) and it is easily verified that z; ... z;
is an influence sequence for S;. From the previous case, we know that
z < z; in F1 and hence a3(z) = a;(z) is an ancestor of a;(z;) which is an
ancestor of £ (t) which is an ancestor of az(y).

Case z in VAR(Q-) and y in VAR(Q;): This implies y comes before z
in F3 (Definition 8(3)) which contradicts the construction Q3 = Q1Q2.

Having now shown that S3 is a structure tree for F3, we must prove
the claims for channelwidth and weighted depth. The channel variables for
nodes from S; remain the same and the channel variables for nodes from
So are just the old channel variables with the free variables replaced with
the corresponding variable from 7y. Thus CW;3 < max(CWy, CW>). The
result for weighted depth is even more immediate.

The theorem implies that “local reductions preserve structure” in the
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following sense:

COROLLARY 2. Let H = {f1,..., fr} be a finite set of k finite domain
functions and let Fy,. .., Fy be quantified formulas with free variables such
that formula F; defines f;, 1 <1i < k. There exist constants ¢ and w such
that, if CW and WD are the channelwidth and weighted depth of some
formula F' with terms constructed from functions in H, the the formula
F' obtained from F using the F; for local replacement has channelwidth at
most max{ CW, c} and weighted depth at most WD + w.

Proof. Let ¢ be the maximum channelwidth of the F;. The result on
channel width is immediate from the Theorem 12. Let w be the maximum
weighted depth of the F;. Because the application of the F; are not nested,
the proof of Theorem 12 implies the result for weighted depth. 1

In Section 8 of [34], hierarchically specified formulas were defined by
nested (but not recursive) replacement rules. Such a description is capable
of describing a formula whose size is exponential in the size of the descrip-
tion. Any such formula can be evaluated with a number of operations that
is exponential only in the size of the description. In [34], structure trees
are defined for descriptions. Lemma 5 and Theorem 12 above are general-
izations of key ideas from [34]. The main result (Theorem 8.8 in [34]) then
generalizes, namely the value of a hierarchically specified formula can be
found in time exponential only in the channelwidth of the description. Any
local reduction for formulas can also be used in the obvious way to reduce
one hierarchical specification to another. Corollary 2 “lifts” to hierarchi-
cally specified formulas as follows:

COROLLARY 3. The result of Corollary 2 holds when the F; are used to

transform a hierarchical specification of F into a hierarchical specification
of F'.

Proof. This follows at once from Corollary 2 and the definitions of hi-
erarchical specifications from [34] extended to quantified formulas. 1

Thus local reductions map both ordinary formulas and hierarchically
specified formulas into formulas of similar structures which can be used to
solve the instances in comparable times. In contrast, a resource bounded
reduction generally neither maps a formula into a formula with similar
structure nor extends to a reduction between hierarchical specifications.

8. THE mQUANTIFIER SYMBOL

The influence concept is used to place restrictions on which variables
may be above others is a structure tree. It is imperative that this concept
place enough restrictions so that Theorem 3 is true. Otherwise, the generic
algorithms would fail. Beyond this requirement, restrictions are undesir-
able since each structure tree is a potential opportunity for speeding up
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the evaluation of a formula. In general, the influence concept cannot be
improved upon because of Theorem 11. However, if something is known
about the semantics of a quantifier symbol, it may be possible to define a
weaker influence relation which is still strong enough to prove Theorem 3
and other main theorems. This happens if one of the quantifier symbols is
the “r-quantifier symbol” defined in Definition 2. This is an important case
because V and 3 sometimes behave as T7-quantifier symbols (see Proposition
2(6).)

Here we sketch how the results and proofs can be changed to allow for
T-quantifier symbols. Most changes are consequences of the following:

PROPOSITION 10. Let M = (S,+,0) be an idempotent commutative
monoid, x a variable, and F(x) and G(z) functions to S. Then 7,(F(z) +
G(2)) = (1 F(2)) + (12 G ().

Proof. Obvious.

For Bx and By, Proposition 10 yields the familiar Vx(F'(z) A G(x)) =
(VzF(z)) A (VzG(z)) and Jz(F(x) vV G(z)) = (JzF(x)) V (32zG(x)) respec-
tively. In a sense, F'(z) and G(x) are “independent subproblems” even
though the share a variable. After evaluating the subproblems indepen-
dently, we are able to combine the computed values. The proposition en-
ables a stronger version of Theorem 1:

PROPOSITION 11. If the the monoid in Theorem 1 is idempotent, then
condition 2 of the theorem can be changed to

2. P can be partitioned into two sets P1 and Py such thatx ¢ P2,y ¢ P,
and all variables in VAR(Q) N VAR(P,) N VAR(P,) have quantifier
symbol T.

Proof. Same as the proof of Theorem 1 except variables with quantifier
symbol 7 are moved down onto both subexpressions using Proposition 10.
1

To explain how to exploit the extra swapping implied by Proposition
11, we define a new kind of influence relation:

DEFINITION 14. Let F' = (@, P) be a quantified formula for an idem-
potent commutative monoid. Let m, and m, be as in Definition 8. We
write <, y if  and y satisfy Definition 8 with the following additional
condition:

5. variables z; for 1 < i < k do not have quantifier symbol 7.

Relation < is called 7-influence. A structure tree based on Definition 10
using the 7-influence relation <. instead of < is called a 7-structure tree
for F.
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Note that x <, y implies ¢ < y so a structure tree for a quantified
formula is always a 7-structure tree. The following theorem insures that
the generic algorithms for the special case under consideration will always
give the correct answer.

THEOREM 13. Let M = (S, +,0) be a commutative idempotent monoid.
Then Theorem 2 holds for T-structure trees.

Proof. The proof begins like the proof of Theorem 2 until the two cases
are considered. Then the cases are slightly modified:

Case 1: Same as Case 1 from Theorem 2 with the extra condition that
the variables z; for 1 < i < k have quantifier symbol different from 7. The
argument is the same except it is now seen that z;...zy is a 7-influence
sequence and so z; <, y and Case 1 is again impossible.

Case 2: When Case 1 fails, P can be partitioned into sets P, and P,
as in the proof of Theorem 2. This time, a term from P, and a term from
P, may have common variable with quantifier symbol 7. This partition
satisfies Proposition 11(2) and thus the interchange is valid.

Next we want to show that the nice properties of < from Section 6 also
hold for <;:

THEOREM 14. Lemmas 4 and Theorems 8, 9 and 10 all hold for
influence and T-structure trees.

Proof. All the arguments about influence sequence go through with
the observation that if z; ... 2 satisfies Definition 14(5), then so does any
subsequence.

Now we present a result for 7-influence analogous to Theorem 11. Here
we use the monoid Bn = ({TRUE, FALSE}, A, TRUE) and quantifier symbols
V and 3 with V being the 7-quantifier symbol (see Proposition 2(5)). A
formula constructed from this monoid and these quantifier symbols can be
interpreted as a zero-sum two-person game where the V and 3 players make
assignments to their respective variables following the order of quantifica-
tion. The 3 player wins if and only if the resulting assignment makes all
the terms true. ' As in the proof of Theorem 11, we make use of certain
game theory facts without proof.

THEOREM 15. Let P be a set of terms such that each term has a dis-
tinct base symbol. Let Q) and Q' be quantifier lists such that Q and Q'
are permutations of each other and each variable is quantified with one of
two quantifier symbols. Suppose further that one of the quantifier symbols
is designated as a T quantifier symbol. If quantified formulas (Q,P) and
(Q', P) have different T-influence relations, then there is an association of
base symbols with Boolean valued functions and quantifier symbols with V

1Player 3 can be regarded as either max or min depending on which ordering we
impose on {TRUE,FALSE} (see Proposition 2(1 and 2)).
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and 3 with ¥V being the T-quantifier symbol such that quantified Ba-formulas
(Q,P) and (Q', P) have different values.

Proof. From Lemma 4 and Theorem 14, we know there is a 7-influence
sequence 27 .. .2y for (Q, P) such that zj ...z is a 7-influence relation for
(Q', P). Without loss of generality, assume z; has quantifier symbol V and
zr, has quantifier symbol 3. For the same reason as in the proof of Theorem
11, we can assume that P consists of terms f;(z;, z;41) for 1 <i < k.

We let all the f; be the function f defined by f(z,y) = TRUEif z =y
and FALSE otherwise. The conjunction of these terms will be TRUE if and
only if all the z; are assigned the same value.

In (Q, P), the V or 7 player first chooses the assignment for z; and then
the 3 player (in control of all other z; by Definition 14(5)) sets all the other
z; to be equal to z;. Thus the value of the formula is TRUE.

In (Q', P), the 3 player must first choose the assignment for z; and the
YV player can make the conjunction FALSE by choosing z; to be different
from z. Thus the value of the formula is FALSE and the two formulas have
different values. 1

9. FINDING GOOD STRUCTURE TREES

In this section we discuss briefly how to find good structure trees. First
we discuss how the influence relation can be computed in O(n?) time. To
do this, we need a preliminary binary relation B.

DEFINITION 15. Given a formulas F = (Q, P), binary relation B on
VAR(Q) is defined inductively as follows:

1. By for all z and y such that  <g y and {z,y} C VAR(p) for some
pePp;

2. if xBz, yBz, and z <g y, then zBy.

Relationship zBy can be read as “x borders y” meaning that x is as-
signed before y and x belongs to the subproblem containing y that results
when all variables before y in @) have been assigned. In other words, as-
signed variable z is still connected to y via unassigned variables when all
variables before y have been assigned. The transitive closure of R satisfies
Conditions 1, 2, and 3 of Definition 8 and thus contains <. We extract <
from R with rules similar to but more restrictive than transitive closure.

DEFINITION 16. Given a formula F' = (@, P), binary relation < on
VAR(Q) is defined inductively as follows:

1. x < y for all x and y such that By and z and y have different
quantifier symbols,

2. if x < 2z, zBy, and z and y have the same quantifier symbol, then
z <y.
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PROPOSITION 12. The relations < given in Definitions 8 and 16 are
the same.

Proof. Proof is straightforward.

The above inductive definitions allow influence to be computed in O(n?)
time using three nested loops in a way similar to Warshall’s Algorithm
(while taking quantifier order into account). One first computes B this
way and then computes < similarly. We omit further details.

Several algorithms for finding good structure trees in the unquantified
case involve enumerating and testing certain variable orderings hoping to
find an ordering that gives good weighted depth or channelwidth. These al-
gorithms include the basic top-down approach discussed in [34](p. 461) and
the basic bottom up approach used in [31]. When these basic procedures
are given a bound k on weighted depth or on channelwidth (or equivalently
on the treewidth of the underlying graph), they run in time exponential
only in k (which means polynomial time when £ is fixed). These algorithms
can be modified in a straightforward way to consider only orderings that
respect the influence relation precomputed as above. It is possible that
this idea also applies to the more sophisticated algorithms more recently
developed (see [8] for some references).

10. RELATIONSHIP BETWEEN WEIGHTED DEPTH AND
CHANNELWIDTH

The channelwidth of any structure tree cannot be more than the weighted
depth because every channel variable is a branch variable. We show that
the weighted depth can be equal to the number of variables even when the
channelwidth is 2. This is in sharp contrast to the one quantifier case [34]
where the weighted depth of a formula is no more than channelwidth times
the log of the number of variables.

THEOREM 16. For all n, there exists a quantified formula F = (Q, P)
where WD(F') and |F| are ©(n) and CW(F) = 2.

Proof. Let Q@ =m3 ---m@ where m’ =m if i is odd and m* = m is i
is even and m # m. Let P = {fi(z;—1,%;) |1 <i < n}. Let F = (Q, P).
Observe that x;—1 < z; for 1 < ¢ < k by the length two influence sequence
Ti 1T;-

We construct a structure tree (T, a, 3) for F' as follows: Let the nodes of
T be v; for 0 <4 < n and let vg be the root. Let the edges be (v;_1,v;) for
1<i<n. Let a(z;) = v; for 0 <i <n and B(fi(zi—1,x;)) = v;. Clearly
CV(v;) = {zi—1,2;} for 1 <i <m and CV(vg) = {zo} so CW(F) = 2.

Now consider an arbitrary structure tree (T, o, ) for F. For 0 <4 < n,
let v; = a(z;). (The v; are not necessarily distinct.) Consider any j,
1 < j < n. Nodes vj_; and v; are both ancestors of 5(fj(zj—1,z;)) by
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Definition 9(4) and are thus both are on the same branch of 7. Further-
more, v;_1 must be an ancestor of v; by Definition 9(5). It follows that all

the v; are ancestors of v,,. Thus all the v; are on the same branch of T and
WD(T) =n. 1

11. UNQUANTIFIED CHANNELWIDTH

Can anything about the complexity of a quantified formula be inferred
from its unquantified channelwidth? (By “unquantified channelwidth, we
mean the channelwidth of structure trees defined without Condition 5 of
Definition 9.) Here we give strong evidence that, in the general case, the
answer is “no”.

Consider the following problem:

INSTANCE: Fully quantified formula F = (Q, P) for the monoid of
integers and an integer K where the variables in ) have domains {0,1}
and the terms in have the form f,(z,y) where w is an integer and f,(z,y)
has value w if x = y and value 0 otherwise.

QUESTION: Is VALUE(F) < K?

The next result tells us that this problem is hard, even when the chan-
nelwidth of the unquantified formula and the number of alternations are
both bounded.

THEOREM 17. The above problem is NP-HARD, even when restricted
to formulas F where the unquantified formula (VAR(Q), P) has channel-
width and weighted depth 2.

Proof. Let wy ---wy, be an instance of PARTITION. We map this to
a quantified formula with variables z1,...,z, and y as follows: Let @) =
ming, - --min, max,, let
P={fur(@19)s - fun (@ns )}, let F = (P,Q), and let K = (¥ w;)/2.

To see that this map is a reduction, it is easiest to interpret F' as a
game. First the minimizing player assigns each w; to one of two sets Sy
or S1 by setting the corresponding variable z; to either 0 or 1. Then the
maximizing player sets variable y. Her payoff will be the sum of the weights
in Sy if she picks 0 and the sum of weights in S; if she picks 1. The optimal
strategy for the minimizing player is to divide the weights as evenly as
possible. If the weights can be partitioned into two equal sets, then the
value of the game is K and the answer to the question is “yes”. If they
cannot be so partitioned, one set must sum to an amount greater than K
and the answer is “no”.

Next we construct a structure tree (T, , 8) for the unquantified formula
(VAR(Q), P). Let the nodes of T be wg,...,v, where v is the root and
the other nodes are leaves. Let a(z;) and B(fi(zi,y)) both equal v; for
1 <i < nand let a(y) = vg. This is obviously an unquantified structure
tree of channelwidth and weighted depth 2.
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In contrast, the formulas involved have the highest possible (quantified)
channelwidth, as the next result indicates:

PROPOSITION 13. All structure trees for the formula F = (Q, P) from
the proof of Theorem 17 have weighted depth and channelwidth | VAR(Q)|.

Proof. Observe that x; < y for all 1 < ¢ < k. Given any structure tree
(T,a,p) for F = (Q,P) and given any i, 1 <14 < n, a(z;) must be above
a(y) (Definition 9(4)) and «a(y) is is above B(fi(x;,y)) by Definition 9(4).
Therefore all x; are channel variables at a(y) by Definition 10(6). Thus set
CV(a(y)) contains all variables and WD = CW=n+1. 1

The above does not rule out all possible uses of unquantified structure in
quantified situations. In fact, the literature does have examples involving
quantifiers where bounded treewidth is sufficient to produce polynomial
algorithms. (Treewidth, a graph theory concept, is tightly coupled to the
channelwidth of unquantified formulas.) This is done in a very general way
in [4, 11].

The above also does not rule out solving special cases by methods unre-
lated to subproblem independence. A contributing factor to the hardness
proof of Theorem 17 was the fact that an infinite set of functions was avail-
able. If we limit the available functions to a finite set of &, the formulas can
be evaluated in polynomial time using the dynamic programming concepts
used to show that PARTITION is not strongly NP-complete.

APPENDIX A: SAMPLE PROBLEMS

Here we illustrate techniques for representing problems as sets of for-
mulas using some familiar problems as examples. In what follows, we use
the terminology “Boolean valued term” to refer to an expression on finite
domain variables which describes a function from variable assignments to
{TRUE, FALSE}. In many applications, the terms have the form “f(z,y, 2)”
where f is from some set S of finite arity functions. Often S is finite. When
the functions are Boolean-valued, functions from S can also be regarded
as representing relations, namely the set of assignments which make the
function TRUE. For some applications, we reinterpret such terms as being
{0,1}-valued where TRUE is interpreted as the number 1 and FALSE as the
number 0. In all one quantifier applications, the quantified variables can
be listed in any order. As discussed in the introduction, the one quantifier
examples are also sums-of-products and generalized satisfiability problems
(GSPs) as defined in [34].

A.1. Applications of the Boolean Monoid B,

Using Ba (see Definition 1(1)), one can represent any satisfiability prob-
lem and constraint satisfaction problem by quantifying all variables with
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3 and constructing terms from some appropriate set of Boolean-valued
function symbols. More specifically, one can represent the satisfiability
problem for CNF boolean formulas (sometimes called SAT) and the prob-
lems SAT(S) of [33] where S is a finite set of finite arity Boolean-valued
functions.

Noteworthy special cases are bounded bandwidth problems as in [25]
because they have bounded treewidth and the planar problems of [22], [16]
or [19] or the J-near planar problems of [30] because they have treewidth
bounded by 20(vn)_ 12

Using the two quantifier symbols 3 and V, one can define quantified CNF
formulas (sometimes called QSAT) or QSAT(S) as defined by Schaefer
[33]. Formulas of this type can be thought of as defining two-player games
where one player controls the variables quantified with 3 and wants the
conjunction of terms to be TRUE and the other player controls the variables
quantified with V and wants the conjunction to be FALSE. The rules for
the influence relations complicate the application of bounded bandwidth
or planarity to such quantified formulas.

A.2. Applications of Ordinary Addition

Using a monoid of numerical values ' under ordinary addition, one

can quantify all variables with min and model all non-serial optimization
problems as given in [32]. One can also maximize the sum instead of
minimizing it.

A special case is MAX Satisfiability. (Given a set of Boolean valued
terms, what is the maximum number of terms that can be simultaneously
satisfied?) To model this, reinterpret the terms as {1,0}-valued and use
the monoid of natural numbers under addition and the quantifier max. All
general satisfiability problems have a corresponding max problem. See the
discussion of MAX SNP in [28].

When the two quantifiers max and min are both used, the value of the
formula is the value of the two-person game where one player controls the
variables quantified with max and wants the sum of terms to be large and
the other player controls the variables quantified with min and wants the
sum to be small. By adding the stochastic quantifier of [27] (see Defini-
tion 2(4)) one adds a third player (known as nature) who assigns values
randomly.

The two person game specializes to the problem known as MAX Quan-
tified SAT (see MAX QSAT in [9, 13]) when the terms are reinterpreted
Boolean-valued terms. Because of the minmax theorem for zero-sum games,

12This assumes that terms have bounded arity. The structure tree can be found by a
recursive application of the Planar Separator Theorem from [23].

13The numerical values must of course be from some computationally manageable set
such as the integers or rationals.
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this problem could (from the perspective here) also be called MIN Quanti-
fied Satisfiability.

A.3. Constrained Optimization

By “constrained optimization”, we mean minimize (or maximize) the
sum of numerical terms subject to the restriction that a set of Boolean-
valued terms are satisfied. The minimization problem can be converted to
non-serial optimization by putting oco into a numerical-valued monoid
of ordinary addition. Each constraint is reinterpreted as having value zero
when the constraint is satisfied and the value oo when the constraint is
unsatisfied. Using the one quantifier symbol min, the sum takes on the
value of the minimum sum when the constraints are satisfiable and oo when
they are not satisfiable. As discussed in [34], one can treat the numerical
and Boolean terms as a single set and exploit the structure with the generic
methods, but the structures of the numerical and Boolean terms considered
separately are not useful (assuming P # N P). It is not clear how one would
define or model constrained multi-quantifier problems.

A.4. Applications of Ordinary Multiplication

Monoids of non-negative numerical values under multiplication support
the o quantifier associated with ordinary addition and the quantifiers min
and max. The ¢ quantifier by itself can be used to count the number of
satisfying assignments to a set of Boolean valued terms. By interpreting
the Boolean terms as one-zero terms, the product of terms is one if all the
terms are TRUE and is zero if any of the terms is FALSE. Thus by quan-
tifying the variables with the o quantifier, the formula gives the number
of assignments. These problems are called #-problems. See [35, 16] for
discussion of #SAT and the concept of #P-hardness.

The combination of the ¢ and min quantifiers describes a game-like
situation where an agent controlling the min variables wants to minimize
the number of possible ways that the agent controlling o can make all the
terms satisfied.
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