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satisfiabilityandequivalencestraightforward.AnumberofoperationsonBooleanfunctions
canbeimplementedasgraphalgorithmsonOBDDdatastructures.UsingOBDDs,awide
varietyofproblemscanbesolvedthroughsymbolicanalysis.First,thepossiblevariations
insystemparametersandoperatingconditionsareencodedwithBooleanvariables.Then
thesystemisevaluatedforallvariationsbyasequenceofOBDDoperations.Researchers
havethussolvedanumberofproblemsindigitalsystemdesign,finitestatesystemanalysis,
artificialintelligence,andmathematicallogic.ThispaperdescribestheOBDDdatastructure,
andsurveysanumberofapplicationsthathavebeensolvedbyOBDD-basedsymbolicanalysis.

CategoriesandSubjectDescriptors:I.1[AlgebraicManipulation]:ExpressionsandTheir
Representations, Algorithms;B.6[LogicDesign]:ReliabilityandTesting,DesignAids;F.1.1
[ModelsofComputation]:Automata;I.2.3[DeductionandTheoremProving]:Algorithms

GeneralTerms:Algorithms,Verification

AdditionalKeyWordsandPhrases:Binarydecisiondiagrams,branchingprograms,symbolic
manipulation,symbolicanalysis,Booleanfunctions,Booleanalgebra

�Currentaddress:SchoolofComputerScience,CarnegieMellonUniversity,Pittsburgh,PA15213

1



    

CONTENTS

CONTENTS2
INTRODUCTION3
1.OBDDREPRESENTATION4

1.1.BinaryDecisionDiagrams���������������������������4
1.2.OrderingandReducing����������������������������4
1.3.EffectofVariableOrdering��������������������������6
1.4.ComplexityCharacteristics���������������������������7
1.5.RefinementsandVariations��������������������������10

2.OPERATIONS10
3.CONSTRUCTIONANDMANIPULATION11

3.1.The�����Operation�����������������������������11
3.2.The��	
���
Operation���������������������������14
3.3.DerivedOperations������������������������������15
3.4.PerformanceCharacteristics��������������������������15
3.5.ImplementationTechniques��������������������������15

4.REPRESENTINGMATHEMATICALSYSTEMS16
4.1.EncodingofFiniteDomains��������������������������17
4.2.Sets��������������������������������������18
4.3.Relations������������������������������������19

5.DIGITALSYSTEMDESIGNAPPLICATIONS20
5.1.Verification�����������������������������������20
5.2.DesignErrorCorrection����������������������������20
5.3.SensitivityAnalysis������������������������������21
5.4.ProbabilisticAnalysis�����������������������������22

6.FINITESTATESYSTEMANALYSIS26
7.OTHERAPPLICATIONAREAS29
8.AREASFORIMPROVEMENT29
9.SUMMARY30
REFERENCES30

2



      

INTRODUCTION

Manytasksindigitalsystemdesign,combinatorialoptimization,mathematicallogic,andartificial
intelligencecanbeformulatedintermsofoperationsoversmall,finitedomains.Byintroducing
abinaryencodingoftheelementsinthesedomains,theseproblemscanbefurtherreducedto
operationsoverBooleanvalues.UsingasymbolicrepresentationofBooleanfunctions,wecan
expressaprobleminaverygeneralform.SolvingthisgeneralizedproblemviasymbolicBoolean
functionmanipulationthenprovidesthesolutionsforalargenumberofspecificprobleminstances.
Thus,anefficientmethodforrepresentingandmanipulatingBooleanfunctionssymbolicallycan
leadtothesolutionofalargeclassofcomplexproblems.

OrderedBinaryDecisionDiagrams(OBDDs)[Bryant1986]provideonesuchrepresentation.This
representationisdefinedbyimposingrestrictionsonthetheBinaryDecisionDiagram(BDD)
representationintroducedbyLee1[Lee1959]andAkers[Akers1978],suchthattheresulting
formiscanonical.TheserestrictionsandtheresultingcanonicitywerefirstrecognizedbyFortune,
Hopcroft,andSchmidt[Fortuneetal1978].Functionsarerepresentedasdirectedacyclicgraphs,
withinternalverticescorrespondingtothevariablesoverwhichthefunctionisdefinedandterminal
verticeslabeledbythefunctionvalues0and1.AlthoughtheOBDDrepresentationofafunction
mayhavesizeexponentialinthenumberofvariables,manyusefulfunctionshavemorecompact
representations.

OperationsonBooleanfunctionscanbeimplementedasgraphalgorithmsoperatingonOBDDs.
TasksinmanyproblemdomainscanbeexpressedentirelyintermsofoperationsonOBDDs,such
thatafullenumerationoftheproblemspace(e.g.,atruthtable,statetransitiongraph,orsearch
tree)needneverbeconstructed.ResearchershavesolvedproblemsusingOBDDsthatwouldnot
bepossiblebymoretraditionaltechniquessuchascaseanalysisorcombinatorialsearch.

Todate,mostapplicationsofOBDDshavebeenintheareasofdigitalsystemdesign,verification,
andtesting.Morerecently,interesthasspreadintootherareassuchasconcurrentsystemdesign,
mathematicallogic,andartificialintelligence.

ThispaperprovidesacombinedtutorialandsurveyonsymbolicBooleanmanipulationwithOB-
DDs.ThenextthreesectionsdescribetheOBDDrepresentationandthealgorithmsusedtoconstruct
andmanipulatethem.Thefollowingsectiondescribesseveralbasictechniquesforrepresenting
andoperatingonanumberofmathematicalstructures,includingfunctions,sets,andrelations,by
symbolicBooleanmanipulation.Weillustratethesetechniquesbydescribingsomeoftheappli-
cationsforwhichOBDDshavebeenusedtodateandconcludebydescribingfurtherareasfor
research.Althoughmostoftheapplicationexamplesinvolveproblemsindigitalsystemdesign,we
believethatsimilarmethodscanbeappliedtoavarietyofapplicationdomains.Forbackground,
weassumeonlythatthereaderhasabasicknowledgeofBooleanfunctions,digitallogicdesign,
andfiniteautomata.

1LeerepresentedBooleanfunctionsasBinaryDecisionPrograms,aformofstraight-lineprogram.Suchaprogram
canbeviewedasalinearorderingoftheverticesinadirectedacyclicgraph,andhencethedistinctionbetweenthese
twoformsisminor.
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Figure1:TruthTableandDecisionTreeRepresentationsofaBooleanFunction.Adashed
(solid)treebranchdenotesthecasewherethedecisionvariableis0(1).

1.OBDDREPRESENTATION

BinarydecisiondiagramshavebeenrecognizedasabstractrepresentationsofBooleanfunctions
formanyyears.Underthename“branchingprograms”theyhavebeenstudiedextensivelyby
complexitytheorists[Wegener1988;Meinel1990].ThekeyideaofOBDDsisthatbyrestricting
therepresentation,Booleanmanipulationbecomesmuchsimplercomputationally.Consequently,
theyprovideasuitabledatastructureforasymbolicBooleanmanipulator.

1.1.BinaryDecisionDiagrams

AbinarydecisiondiagramrepresentsaBooleanfunctionasarooted,directedacyclicgraph.Asan
example,Figure1illustratesarepresentationofthefunction
��1��2��3�definedbythetruthtable
givenontheleft,forthespecialcasewherethegraphisactuallyatree.Eachnonterminalvertex� islabeledbyavariablevar���andhasarcsdirectedtowardtwochildren:lo���(shownasadashed
line)correspondingtothecasewherethevariableisassigned0,andhi���(shownasasolidline)
correspondingtothecasewherethevariableisassigned1.Eachterminalvertexislabeled0or1.
Foragivenassignmenttothevariables,thevalueyieldedbythefunctionisdeterminedbytracing
apathfromtheroottoaterminalvertex,followingthebranchesindicatedbythevaluesassigned
tothevariables.Thefunctionvalueisthengivenbytheterminalvertexlabel.Duetothewaythe
branchesareorderedinthisfigure,thevaluesoftheterminalvertices,readfromlefttoright,match
thoseinthetruthtable,readfromtoptobottom.

1.2.OrderingandReducing

ForanOrderedBDD(OBDD),weimposeatotalordering�overthesetofvariablesandrequire
thatforanyvertex�,andeithernonterminalchild�,theirrespectivevariablesmustbeordered

�������������.InthedecisiontreeofFigure1,forexample,thevariablesareordered�1� �2��3.Inprinciple,thevariableorderingcanbeselectedarbitrarily—thealgorithmswilloperate
correctlyforanyordering.Inpractice,selectingasatisfactoryorderingiscriticalfortheefficient
symbolicmanipulation.Thisissueisdiscussedinthenextsection.

4



x3x3

x2

x3

01

x3

x2

x1

x3

x2

01

x3

x2

x1

x2

01

x3

x1

    

A).DuplicateTerminalsB).DuplicateNonterminalsC).RedundantTests

Figure2:ReductionofDecisionTreetoOBDD.Applyingthethreereductionrulestothetreeof
Figure1yieldsthecanonicalrepresentationofthefunctionasanOBDD.

Wedefinethreetransformationrulesoverthesegraphsthatdonotalterthefunctionrepresented:

RemoveDuplicateTerminals:Eliminateallbutoneterminalvertexwithagivenlabelandredirect
allarcsintotheeliminatedverticestotheremainingone.

RemoveDuplicateNonterminals:Ifnonterminalvertices�and�havevar����var���,lo���� lo���,andhi����hi���,theneliminateoneofthetwoverticesandredirectallincomingarcs
totheothervertex.

RemoveRedundantTests:Ifnonterminalvertex�haslo����hi���,theneliminate�andredirect
allincomingarcstolo���.

StartingwithanyBDDsatisfyingtheorderingproperty,wecanreduceitssizebyrepeatedly
applyingthetransformationrules.Weusetheterm“OBDD”torefertoamaximallyreduced
graphthatobeyssomeordering.Forexample,Figure2illustratesthereductionofthedecision
treeshowninFigure1toanOBDD.Applyingthefirsttransformationrule(A)reducestheeight
terminalverticestotwo.Applyingthesecondtransformationrule(B)eliminatestwoofthevertices
havingvariable�3andarcstoterminalverticeswithlabels0(��)and1(��).Applyingthethird
transformationrule(C)eliminatestwovertices:onewithvariable�3andonewithvariable�2.In
general,thetransformationrulesmustbeappliedrepeatedly,sinceeachtransformationcanexpose
newpossibilitiesforfurtherones.

TheOBDDrepresentationofafunctioniscanonical—foragivenordering,twoOBDDsfora
functionareisomorphic.Thispropertyhasseveralimportantconsequences.Functionalequivalence
caneasilybetested.AfunctionissatisfiableifandonlyifitsOBDDrepresentationdoesnot
correspondtothesingleterminalvertexlabeled0.Anytautologicalfunctionmusthavetheterminal
vertexlabeled1asitsOBDDrepresentation.Ifafunctionisindependentofvariable�,thenits
OBDDrepresentationcannotcontainanyverticeslabeledby�.Thus,onceOBDDrepresentations
offunctionshavebeengenerated,manyfunctionalpropertiesbecomeeasilytestable.

AsFigures1and2illustrate,wecanconstructtheOBDDrepresentationofafunctiongivenitstruth
tablebyconstructingandreducingadecisiontree.Thisapproachispractical,however,onlyfor
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Figure3:OBDDRepresentationsofaSingleFunctionforTwoDifferentVariableOrderings.

functionsofasmallnumberofvariables,sinceboththetruthtableandthedecisiontreehavesize
exponentialinthenumberofvariables.Instead,OBDDsaregenerallyconstructedby“symbolically
evaluating”alogicexpressionorlogicgatenetworkusingthe�����operationdescribedinSection
3.

1.3.EffectofVariableOrdering

TheformandsizeoftheOBDDrepresentingafunctiondependsonthevariableordering.For
example,Figure3showstwoOBDDrepresentationsofthefunctiondenotedbytheBoolean
expression�1 !1"�2 !2"�3 !3,where denotesthe#$%operationand"denotesthe&'operation.
Forthecaseontheleft,thevariablesareordered�1�!1��2�!2��3�!3,whileforthecase
ontherighttheyareordered�1��2��3�!1�!2�!3. Wecangeneralizethisfunctiontooneovervariables�1�(((��)and!1�(((�!)givenbytheexpres-
sion:

�1 !1"�2 !2"   "�) !)

Generalizingthefirstvariableorderingto�1�!1�   ��)�!)yieldsanOBDDwith
2*nonterminalvertices—oneforeachvariable.Generalizingthesecondvariableorderingto

�1�   ��)�!1�   �!),ontheotherhand,yieldsanOBDDwith2�2)+1�nonterminal
vertices.Forlargevaluesof*,thedifferencebetweenthelineargrowthofthefirstorderingversus
theexponentialgrowthofthesecondhasadramaticeffectonthestoragerequirementsandthe
efficiencyofthemanipulationalgorithms.

ExaminingthestructureofthetwographsofFigure3,wecanseethatinthefirstcasethevariables
arepairedaccordingtotheiroccurrencesintheBooleanexpression�1 !1"�2 !2"�3 !3.Thus,
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FunctionClassComplexity
BestWorst

Symmetriclinearquadratic
IntegerAddition(anybit)linearexponential
IntegerMultiplication(middlebits)exponentialexponential

Table1:OBDDcomplexityforcommonfunctionclasses.

fromeverysecondlevelinthegraph,onlytwobranchdestinationsarerequired:onetotheterminal
vertexlabeled1forthecasewherethecorrespondingproductyields1,andonetothenextlevelfor
thecasewhereeveryproductuptothispointyields0.Ontheotherhand,thefirst3levelsinthe
secondcaseformacompletebinarytreeencodingallpossibleassignmentstothe�variables.In
general,foreachassignmenttothe�variables,thefunctionvaluedependsinauniquewayonthe
assignmenttothe!variables.Aswegeneralizethisfunctionandorderingtooneover2*variables,
thefirst*levelsintheOBDDformacompletebinarytree.

MostapplicationsusingOBDDschoosesomeorderingofthevariablesattheoutsetandconstructall
graphsaccordingtothisordering.Thisorderingischoseneithermanually,orbyaheuristicanalysis
oftheparticularsystemtoberepresented.Forexample,severalheuristicmethodshavebeendevised
that,givenalogicgatenetwork,generallyderiveagoodorderingforvariablesrepresentingthe
primaryinputs.[Fujitaetal1988;Maliketal1988].Othershavebeendevelopedforsequential
systemanalysis[Jeongetal1991].Notethattheseheuristicsdonotneedtofindthebestpossible
ordering—theorderingchosenhasnoeffectonthecorrectnessoftheresults.Aslongasanordering
canbefoundthatavoidsexponentialgrowth,operationsonOBDDsremainreasonablyefficient.

1.4.ComplexityCharacteristics

OBDDsprovideapracticalapproachtosymbolicBooleanmanipulationonlywhenthegraphsizes
remainwellbelowtheworstcaseofbeingexponentialinthenumberofvariables.Astheprevious
examplesshow,somefunctionsaresensitivetothevariableorderingbutremainquitecompactas
longasagoodorderingischosen.Furthermore,therehasbeenampleempiricalevidenceindicating
thatmanyfunctionsencounteredinrealapplicationscanberepresentedefficientlyasOBDDs.One
waytomorefullyunderstandthestrengthsandlimitationsofOBDDsistoderivelowerandupper
boundsforimportantclassesofBooleanfunctions.

Table1summarizestheasymptoticgrowthrateforseveralclassesofBooleanfunctions,andtheir
sensitivitytothevariableordering.Symmetricfunctions,wherethefunctionvaluedependsonly
thenumberofargumentsequalto1,areinsensitivetothevariableordering.Exceptforthetrivial
caseofconstantfunctions,thesefunctionshavegraphsrangingbetweenlinear(e.g.,parity)and
quadratic(e.g.,atleasthalftheinputsequal1).

Wecanconsidereachoutputofan*-bitadderasaBooleanfunctionovervariables�0��1�(((��),1, representingoneoperand,and!0�!1�(((�!),1,representingtheotheroperand.Thefunctionfor
anybithasOBDDrepresentationsoflinearcomplexityfortheordering�0�!0��1�!1�   � �),1�!),1,andexponentialcomplexityfortheordering�0�   ��),1�!0�   �!),1.In
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Figure4:LinearArrangementofCircuitComputingMostSignificantBitofIntegerAddition

fact,thesefunctionshaverepresentationssimilartothoseforthefunctionshowninFigure3.

TheBooleanfunctionsrepresentingintegermultiplication,ontheotherhand,formaparticularly
difficultcaseforOBDDs.Regardlessoftheordering,theBooleanfunctionrepresentingeitherof
themiddletwooutputsofan*-bitmultiplierhaveexponentialOBDDrepresentations.[Bryant
1991].

UpperboundsforotherclassesofBooleanfunctionscanbederivedbasedonthestructuralproperties
oftheirlogicnetworkrealizations.Berman[Berman1989]andmorerecentlyMcMillan[McMillan
1992]havederivedusefulboundsforseveralclassesof“boundedwidth”networks.Considera
networkwith*primaryinputsandoneprimaryoutputconsistingof-“logicblocks.”Eachblock
mayhavemultipleinputsandoutputs.Primaryinputsarerepresentedby“source”blockswith
noinputandoneoutput.Asanexample,Figure4showsanetworkhavingasoutputthemost
significantsumbitofan*-bitadder.Thisnetworkconsistsofacarrychaincomputingthecarry
input.),1intothefinalstage.Blockslabeled“2/3”computethe/�01'23�functionhaving1as
outputwhenatleasttwoinputsare1.Theoutputiscomputedasthe456�7829:;&'ofthemost
significantbitsoftheinputsand.),1. Definealineararrangementofthenetworkasanumberingoftheblocksfrom1to-suchthatthe
blockproducingtheprimaryoutputisnumberedlast.Definetheforwardcrosssectionatblock�as
thetotalnumberofwiresfromanoutputofablock<suchthat<��toaninputofablock=such
that�>=.Definetheforwardcrosssection?@ofthecircuit(withrespecttoanarrangement)as
themaximumforwardcrosssectionforalloftheblocks.AsthedashedlineinFigure4shows,our
addercircuithasaforwardcrosssectionof3.Similarly,definethereversecrosssectionatblock� asthetotalnumberofwiresfromanoutputofablock<suchthat<A�toaninputofablock=such
that�B=.Inarrangementswheretheblocksareorderedtopologically(theonlycaseconsideredby
Berman),suchastheoneshowninFigure4,thereversecrosssectionis0.Definethereversecross
section?Cofthecircuit(withrespecttoanarrangement)asthemaximumreversecrosssectionfor
alloftheblocks.Giventhesemeasures,itcanbeshownthatthereisanOBDDrepresentingthe
circuitfunctionwithatmost*2DE2FGvertices.Furthermore,findinganarrangementwithlowcross
sectionleadstoagoodorderingofthefunctionvariables—namelythereverseoftheorderingof
thecorrespondingsourceblocksinthearrangement.

ThisboundbasedonnetworkrealizationsleadstousefulboundsforavarietyofBooleanfunctions.
Forexample,functionshavingrealizationswithconstantforwardcrosssectionandzeroreverse
crosssection,suchastheaddercircuitofFigure4,havelinearOBDDrepresentations.Asymmetric
functionof*variablescanberealizedbyacircuithavingforwardcrosssection2"log*andreverse
crosssection0.Thiscircuitconsistsofaseriesofstagestocomputethetotalnumberofinputs
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Figure5:LinearArrangementofWithin-HRingCircuit.Asshownbythedashedline,the
circuithasforwardcrosssection2"Ilog2HJandreversecrosssectionIlog2HJ.
havingvalue1,encodingthetotalasaIlog2*J-bitbinarynumber.Thisrealizationimpliesthe
quadraticupperboundinOBDDsizestatedinTable1.

Figure5showsanapplicationofthisresultforacircuitwithnon-zeroreversecrosssection.This
circuitshowsageneralrealizationoftheWithin-Hfunction,whereHissomeconstantsuchthat
0�H�*.Forinputs�0��1�(((��),1,thisfunctionyields1iftherearetwoinputs�Kand�KL equalto1suchthat�Mequals�"<mod*forsomevalue<suchthat0�<�H.AsFigure5
illustrates,thisfunctioncanbecomputedbyaseriesofblocksarrangedinaring,whereeachblock NKhasasoutputsa1-bitvalueOKanda=-bitintegervaluePK,where=�Ilog2HJ:

OK�Q

1��K�1andPK,1R�0 OK,1�otherwise

PK�S TUT
V

H+1��K�1 PK,1+1��K�0andPK,1A0 0�otherwise.

Inthisrealization,eachPKsignalencodesthenumberofremainingpositionswithwhichthemost
recentinputvalueof1canbepaired,whileeachOKsignalindicateswhetherapairof1inputvalues
withindistanceHhasoccurredsofar.Torealizethemodularproximitymeasure,outputP),1of
thefinalstageisroutedbacktotheinitialstage.Notethatalthoughthiscircuithasacyclicstructure,
itsoutputisuniquelydefinedbytheinputvalues.Asthedashedlineindicates,thisringstructure
canbe“flattened”intoalineararrangementhavingforwardcrosssection="2andreversecross
section=.Thisconstructionyieldsanupperboundof�8H4W�*ontheOBDDsize.Forconstant
valuesofH,theOBDDisoflinearsize,althoughtheconstantfactorgrowsrapidlywithH. McMillanhasgeneralizedthistechniquetotreearrangementsinwhichthenetworkisorganized
asatreeoflogicblockswithbranchingfactor!andwiththeprimaryoutputproducedbytheblock
attheroot.Insuchanarrangement,forward(respectively,reverse)crosssectionreferstowires
directedtoward(respectively,awayfrom)theroot.Suchanarrangementyieldsanupperboundon

theOBDDsizeof*X2Y*Y,1ZDE2FG.Theupperboundforthelineararrangementisgivenbythis
formulafor!�1.Observethatforconstantvaluesof!,?@,and?C,theOBDDsizeispolynomial
in*.
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Theseupperboundresultsgivesomeinsightintowhymanyofthefunctionsencounteredindigital
designapplicationshaveefficientOBDDrepresentations.Theyalsosuggeststrategiesforfinding
goodvariableorderingsbyfindingnetworkrealizationswithlowcrosssection.Resultsofthisform
forotherrepresentationsofBooleanfunctionscouldproveusefulincharacterizingthepotentialof
OBDDsforotherapplicationdomains.

1.5.RefinementsandVariations

Inrecentyears,manyrefinementstothebasicOBDDstructurehavebeenreported.Theseinclude
usingasingle,multi-rootedgraphtorepresentallofthefunctionsrequired[Braceetal1990;
Karplus1989;Minatoetal1990;ReevesandIrwin1987],addinglabelstothearcstodenote
Booleannegation[Braceetal1990;Karplus1989;Minatoetal1990;MadreandBillon1988]and
generalizingtheconcepttootherfinitedomains[Srinivasanetal1990].Theserefinementsyield
significantsavingsinthememoryrequirement—generallythemostcriticalresourceindetermining
thecomplexityoftheproblemsthatcanbesolved.Applicationsthatrequiregeneratingover1
millionOBDDverticesarenowroutinelyperformedonworkstationcomputers.

2.OPERATIONS

LetusintroducesomenotationfordescribingoperationsonBooleanfunctions.Wewillusethe
standardoperationsofBooleanalgebra:"for&', for#$%,[for456�7829:;&'andanoverline
for\13.Inaddition,wewillusethesymbol[toindicatethecomplementofthe456�7829:;&' operation(sometimesreferredtoas456�7829:;\1').Wewillalsousesummation(])and
product(^)notationinreferencetoBooleansums(&')andproducts(#$%).Observethatthese
operationsaredefinedoverfunctionsaswellasovertheBooleanvalues0and1.Forexample,if
 and_arefunctionsoversomesetofvariables,then
"_isitselfafunction�overthesevariables.
Forsomeassignment` �ofvaluestothevariables,��` ��yields1ifandonlyifeither
�` ��or_�` �� yields1.Theconstantfunctions,yieldingeither1or0forallvariableassignments,aredenoted1
and0,respectively.

Thefunctionresultingwhensomeargument�toafunction
isassignedaconstantvalue=(either
0or1)iscalledarestrictionof
(otherreferencescallthisa“cofactor”of
[Braytonetal1984])
denoted
a�b=.Giventhetworestrictionsofafunctionwithrespecttoavariable,thefunction
canbereconstructedas


�� 
a�b0"� 
a�b1
ThisidentityiscommonlyreferredastheShannonexpansionof
withrespectto�,althoughit
wasoriginallyrecognizedbyBoole[Brown1990].

Avarietyofotherusefuloperationscanbedefinedintermsofthealgebraicoperationsplusthe
restrictionoperation.Thecompositionoperation,whereafunction_issubstitutedforvariable� offunction
isgivenbytheidentity


a�b_�_ 
a�b0"_ 
a�b1(

Thevariablequantificationoperation,wheresomevariable�tofunction
isexistentiallyor
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Figure6:ExampleArgumentsto#����operation.Verticesarelabeledforidentificationduring
theexecutiontrace.

universallyquantifiedisgivenbytheidentities c
�
�
a�b0"
a�b1 d�
�
a�b0 
a�b1

Someresearchersprefertocalltheseoperationssmoothing(existential)andconsensus(universal)
toemphasizethattheyareoperationsonBooleanfunctions,ratherthanontruthvalues[Linetal
1990]

3.CONSTRUCTIONANDMANIPULATION

AnumberofsymbolicoperationsonBooleanfunctionscanbeimplementedasgraphalgorithms
appliedtotheOBDDs.Thesealgorithmsobeyanimportantclosureproperty—giventhattheargu-
mentsareOBDDsobeyingsomeordering,theresultwillbeanOBDDobeyingthesameordering.
Thuswecanimplementacomplexmanipulationwithasequenceofsimplermanipulations,always
operatingonOBDDsunderacommonordering.UserscanviewalibraryofBDDmanipulation
routinesasanimplementationofaBooleanfunctionabstractdatatype.Exceptfortheselection
ofavariableordering,alloftheoperationsareimplementedinapurelymechanicalway.Theuser
neednotbeconcernedwiththedetailsoftherepresentationortheimplementation.

3.1.The�����Operation

The�����operationgeneratesBooleanfunctionsbyapplyingalgebraicoperationstootherfunc-
tions.Givenargumentfunctions
and_,plusbinaryBooleanoperatoreopf,(e.g.,#$%or&') �����returnsthefunction
eopf_.ThisoperationiscentraltoasymbolicBooleanmanipulator.
Withitwecancomplementafunction
bycomputing
[1.Givenfunctions
and_,and“don’t
care”conditionsexpressedbythefunctiong(i.e.,g�` ��yields1forthosevariableassignments` �

11
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Figure7:ExecutionTracefor#����operationwithoperation".Eachevaluationstephasas
operandsavertexfromeachargumentgraph.

forwhichthefunctionvaluesareunimportant,)wecantestwhether
and_areequivalentforall
“care”conditionsbycomputing�
[_�"gandtestingwhethertheresultisthefunction1.We
canalsoconstructtheOBDDrepresentationsoftheoutputfunctionsofacombinationallogicgate
networkby“symbolicallyinterpreting”thenetwork.Thatis,westartbyrepresentingthefunction
ateachprimaryinputasanOBDDconsistingofatestofasinglevariable.Then,proceedingin
orderthroughthenetwork,weusethe�����operationtoconstructanOBDDrepresentationof
eachgateoutputaccordingtothegateoperationandtheOBDDscomputedforitsinputs.

The�����algorithmoperatesbytraversingtheargumentgraphsdepth-first,whilemaintaining
twohashtables:onetoimprovetheefficiencyofthecomputation,andonetoassistinproducinga
maximallyreducedgraph.Notethatwhereasearlierpresentationstreatedthereductiontocanonical
formasaseparatestep[Bryant1986],thefollowingalgorithmproducesareducedformdirectly.
Toillustratethisoperation,wewillusetheexampleofapplyingthe"operationtothefunctions


���!�.����"!� ."gand_���!�.���� .�"g,havingtheOBDDrepresentationsshownin
Figure6.

Theimplementationofthe�����operationreliesonthefactthatalgebraicoperations“commute”
withtheShannonexpansionforanyvariable�:


eopf_�� h
a�b0eopf_a�b0i"� h
a�b1eopf_a�b1i(1)

Observethatforafunction
representedbyanOBDDwithrootvertex�@,therestrictionwith
respecttoavariable�suchthat�>var��@�canbecomputedsimplyas:


a�b!S TUT
V

�@���var��@� lo��@����var��@�and!�0 hi��@����var��@�and!�1 Thatis,therestrictionisrepresentedbythesamegraph,oroneofthetwosubgraphsoftheroot.

Equation1formsthebasisofarecursiveprocedureforcomputingtheOBDDrepresentationof


eopf_.Forourexample,therecursiveevaluationstructureisillustratedinFigure7.Notethat
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Figure8:ResultGenerationfor#����operation.Therecursivecallingstructurenaturally
leadstoanunreducedgraph(left).Byapplyingreductionrulesattheendofeachrecursivecall,
thereducedgraphisgenerateddirectly(right).

eachevaluationstepisidentifiedbyavertexfromeachoftheargumentgraphs.Supposefunctions


and_arerepresentedbyOBDDswithrootvertices�@and�j,respectively.Forthecasewhere
both�@and�jareterminalvertices,therecursionterminatesbyreturninganappropriatelylabeled
terminalvertex.Inourexample,thisoccursfortheevaluationsA4�B3,andA5�B4.Otherwise,
letvariable�bethesplittingvariable,definedastheminimumofvariablesvar��@�andvar��j�. OBDDsforthefunctions
a�b0eopf_a�b0and
a�b1eopf_a�b1arecomputedby
recursivelyevaluatingtherestrictionsof
and_forvalue0(indicatedinFigure7bythedashed
lines)andforvalue1(indicatedbysolidlines).Forourexample,theinitialevaluationwithvertices
A1�B1causesrecursiveevaluationswithverticesA2�B2andA6�B5.

Toimplementthe�����operationefficiently,weaddtwomorerefinementstotheprocedure
describedabove.First,ifweeverreachaconditionwhereoneoftheargumentsisaterminalvertex
representingthe“dominant”valueforoperationeopf(e.g.,1for&'and0for#$%),thenwecan
stoptherecursionandreturnanappropriatelylabeledterminalvertex.Thisoccursinourexample
fortheevaluationsA5�B2andA3�B4.Second,weavoidevermakingmultiplerecursivecallsonthe
samepairofargumentsbymaintainingahashtablewhereeachentryhasaskeyapairofvertices
fromthetwoargumentsandasdatumavertexinthegeneratedgraph.Atthestartofanevaluation
forarguments�and�,wecheckforanentrywithkeye���finthistable.Ifsuchanentryis
found,wereturnthedatumforthisentry,therebyavoidinganyfurtherrecursion.Ifnoentryis
found,thenwefollowthestepsdescribedabove,creatinganewentryinthetablebeforereturning
theresult.Inourexample,thisrefinementavoidsmultipleevaluationsoftheargumentsA3�B2

andA5�B2.Observethatwiththisrefinement,theevaluationstructureisrepresentedbyadirected
acyclicgraph,ratherthanthemorefamiliartreestructureforrecursiveroutines.

Eachevaluationstepreturnsasresultavertexinthegeneratedgraph.Therecursiveevaluation
structurenaturallydefinesanunreducedgraph,whereeachevaluationstepyieldsavertexlabeled
bythesplittingvariableandhavingaschildrentheresultsoftherecursivecalls.Forourexample,
thisgraphisillustratedonthelefthandsideofFigure8.Togenerateareducedgraphdirectly,
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Figure9:Exampleofk:83'263operation.Restrictingvariable!oftheargument(left)tovalue
1involvesbypassingverticeslabeledby!(center),andreducingthegraph(right).

eachevaluationstepattemptstoavoidcreatinganewvertexbyapplyingtestscorrespondingto
thetransformationrulesdescribedinSection1.2.Supposeanevaluationstephassplittingvariable

�,andtherecursiveevaluationsreturnvertices�0and�1.Firstwetestwhether�0��1,andif
soreturnthisvertexastheprocedureresult.Second,wetestwhetherthegeneratedgraphalready
containssomevertex�havingvar�����,lo�����0,andhi�����1.Thistestisassistedby
maintainingasecondhashtablecontaininganentryforeachnonterminalvertex�inthegenerated
graphwithkeyevar����hi����lo���f.Ifthedesiredvertexisfound,itisreturnedastheprocedure
result.Otherwise,avertexisaddedtothegraph,itsentryisaddedtothehashtable,andthevertex
isreturnedastheprocedureresult.Similarly,terminalverticesareenteredinthehashtablehaving
theirlabelsaskeys.Anewterminalvertexisgeneratedonlyifonewiththedesiredlabelisnot
alreadypresent.Forourexample,thisprocessavoidscreatingtheshadedverticesshownonthe
lefthandsideofFigure8.Instead,thegraphontherighthandsideisgenerateddirectly.Observe
thatthisgraphrepresentsthefunction�"! ."g,whichisindeedtheresultofapplyingthe&' operationtothetwoargumentfunctions.

Theuseofatabletoavoidmultipleevaluationsofagivenpairofverticesboundsthecomplexity
ofthe�����operationandalsoyieldsaboundonthesizeoftheresult.Thatis,supposefunctions


and_arerepresentedbyOBDDshaving-@and-jvertices,respectively.Then,therecanbe
atmost-@-juniqueevaluationarguments,andeachevaluationaddsatmostonevertextothe
generatedresult.Givenagoodimplementationofthehashtables,eachevaluationstepcanbe
performed,onaverage,inconstanttime.Thus,boththecomplexityofthealgorithmandthesize
ofthegeneratedresultmustbel�-@-j�.
3.2.The':83'263Operation

ComputingarestrictiontoafunctionrepresentedbyanykindofBDDisstraightforward.Torestrict
variable�tovalue=,wecansimplyredirectanyarcintoavertex�havingvar�����topoint
eithertolo���for=�0,ortohi���for=�1.Figure9illustratestherestrictionofvariable!in thefunction! ."� ! .tothevalue1.WiththeoriginalfunctiongivenbytheOBDDontheleft,
redirectingthearcshastheeffectofbypassinganyvertexlabeledby!,asillustratedinthecenter.
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Asthisexampleshows,adirectimplementationofthistechniquemayyieldanunreducedgraph.
Instead,theoperationisimplementedbytraversingtheoriginalgraphdepth-first.Eachrecursive
callhasasargumentavertexintheoriginalgraphandreturnsasresultavertexinthegenerated
graph.Toensurethatthegeneratedgraphisreduced,theproceduremaintainsahashtablewithan
entryforeachvertexinthegeneratedgraph,applyingthesamereductionrulesasthosedescribed
forthe�����operation.Forourexample,theresultwouldbeanOBDDrepresentationofthe
function.asshownontherighthandsideoftheFigure9.

Computingtherestrictionofafunction
havinganOBDDrepresentationof-@verticesinvolves
atmost-@recursivecalls,eachgeneratingatmostonevertexintheresultgraph.Usingagood
hashtableimplementation,eachrecursivesteprequiresconstanttimeonaverage.Thus,boththe
complexityofthealgorithmandthesizeofthegeneratedresultmustbel�-@�.
3.3.DerivedOperations

AswasdescribedinSection2,avarietyofoperationsonBooleanfunctionscanbeexpressedin
termsofalgebraicandrestrictionoperations.The�����andthe':83'263algorithmstherefore
provideawaytoimplementtheseotheroperations.Furthermore,foreachoftheseoperations,
boththecomplexityandthesizeofthegeneratedgraphareboundedbysomepolynomialfunction
oftheargumentfunctions.Forfunction
,let-@denotethesizeofitsOBDDrepresentation.
Giventwofunctions
and_,and“don’tcare”conditionsexpressedbyafunctiong,wecan
computetheequivalenceof
and_forthe“care”conditionsintimel�-@-j-m�.Wecan
computethecompositionoffunctions
and_withtworestrictionsandthreecallsto�����.This
approachwouldhavetimecomplexityl�-2@-2j�.Byimplementingtheentirecomputationwith
onetraversal,thiscomplexitycanbereducedtol�-@-

2

j�[Bryant1986].Finally,wecancompute
thequantificationofavariableinafunction
intimel�-

2

@�.
3.4.PerformanceCharacteristics

AproblemissolvedusingOBDDsbyexpressingthetaskasaseriesofoperationsonBooleanfunc-
tionssuchasthosediscussedabove.Aswehaveseen,alloftheseoperationscanbeimplemented
byalgorithmshavingcomplexitypolynomialinthesizesoftheOBDDsrepresentingtheargu-
ments.Asaresult,OBDD-basedsymbolicBooleanmanipulationhastwoadvantagesoverother
commonapproaches.First,aslongasthegraphsremainofreasonablesize,thetotalcomputation
remainstractable.Second,althoughthegraphsizescangrowwitheachsuccessi veoperation,any
singleoperationhasreasonableworstcaseperformance.Incontrast,mostotherrepresentationsof
Booleanfunctionslackthis“gracefuldegradation”property.Forexample,evenifafunctionhas
areasonablycompactsumofproductsrepresentation,itscomplementmaybeofexponentialsize
[Braytonetal1984].

3.5.ImplementationTechniques

Fromthestandpointofimplementation,OBDD-basedsymbolicmanipulationhasverydifferent
characteristicsfrommanyothercomputationaltasks.Duringthecourseofacomputation,thousands
ofgraphs,eachcontainingthousandsofvertices,areconstructedanddiscarded.Informationis
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ClassTypicalOperationsTypicalTests
Logicn,o,p,d,c

satisfiability,implication
Finitedomainsdomaindependentequivalence

Functionsapplication,compositionequivalence
Setsq,r,+subset

Relationscomposition,closuresymmetry,transitivity

Table2:ExampleSystemsthatcanbeRepresentedwithBooleanFunctions.

representedinanOBDDmorebyitsoverallstructureratherthanintheassociateddatavalues,
andhenceverylittlecomputationaleffortisexpendedonanygivenvertex.Thus,thecomputation
hasahighlydynamiccharacter,withnopredictablepatternsofmemoryaccess.Todate,themost
successfulimplementationshavebeenonworkstationcomputerswithlargephysicalmemories,
wherecarefulattentionhasbeengiventoprogrammingthememorymanagementroutines[Brace
etal1990].

Toextractmaximumperformance,itwouldbedesirabletoexploitthepotentialofpipelinedand
parallelcomputers.Insymbolicanalysistasks,parallelismcouldexistatthemacrolevelwhere
manyoperationsareperformedsimultaneously,andatthemicrolevelwheremanyverticeswithin
agivenOBDDareoperatedonsimultaneously.Comparedtoothertasksthathavebeensuccess-
fullymappedontovectorandparallelcomputers,OBDDmanipulationrequiresconsiderablymore
communicationandsynchronizationamongthecomputingelements,andconsiderablylesslocal
computation.Thus,thistaskprovidesachallengingproblemforthedesignofparallelcomputer
architectures,programmingmodels,andlanguages.Nonetheless,someoftheearlyattemptshave
provedpromising.Researchershavesuccessfullyexploitedvectorprocessing[Ochietal1991]and
haveshowngoodresultsexecutingonsharedmemorymultiprocessors[KimuraandClarke1990].
Bothoftheseimplementationsexploitmicroparallelismbyimplementingthe�����operationbya
breadth-firsttraversaloftheargumentgraphs,incontrasttothedepth-firsttraversalofconventional
implementations.

4.REPRESENTINGMATHEMATICALSYSTEMS

Someapplications,mostnotablyindigitallogicdesign,callforthedirectrepresentationandma-
nipulationofBooleanfunctions.Ingeneral,however,thepowerofsymbolicBooleanmanipulation
comesmorefromtheabilityofbinaryvaluesandBooleanoperationstorepresentandimplement
awiderangeofdifferentmathematicaldomains.Thisbasicprincipleissowellingrainedthat
weseldomeventhinkaboutit.Forexample,fewpeoplewoulddefinetheADDoperationofa
computerasasetof32Booleanfunctionsoverasetof64arguments.Table2listsexamplesof
severalareasofmathematicswhereobjectscanberepresented,operatedon,andanalyzedusing
symbolicBooleanmanipulation,aslongastheunderlyingdomainsarefinite.

Byprovidingaunifiedframeworkforanumberofmathematicalsystems,symbolicBooleanma-
nipulationcansolvenotjustproblemsintheindividualareas,butalsoonesinvolvingmultipleareas
simultaneously.Forexample,recentprogramstoanalyzethesequentialbehaviorofdigitalcircuits
(seeSection6),involveoperatinginalloftheareaslistedinTable2.Thedesiredpropertiesof
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Table3:TernaryExtensionsof#$%,&',and\13.ThethirdvalueXindicatesanunknownor
potentiallynondigitalvoltage.

thesystemareexpressedasformulasinalogic.Thesystembehaviorisgivenbythenext-state
functionsofthecircuit.Theanalyzercomputessetsofstateshavingsomeparticularproperties.
Thetransitionstructureofthefinitestatesystemisrepresentedasarelation.Duringexecution,the
analyzercanreadilyshiftbetweentheserepresentations,usingonlyOBDDsastheunderlyingdata
structures.Furthermore,thecanonicalpropertyofOBDDsmakesiteasytodetectconditionssuch
asconvergence,orwhetheranysolutionsexisttoaproblem.

ThekeytoexploitingthepowerofsymbolicBooleanmanipulationistoexpressaprobleminaform
wherealloftheobjectsarerepresentedasBooleanfunctions.Intheremainderofthissectionwe
describesomestandardtechniquesthathavebeendevelopedalongthisline.Withexperienceand
practice,asurprisinglywiderangeofproblemscanbeexpressedinthismanner.Themathematical
conceptsunderlyingthesetechniqueshavelongbeenunderstood.Noneofthetechniquesrely
specificallyontheOBDDrepresentation—theycouldbeimplementedusinganyofanumberof
representations.OBDDshavesimplyextendedtherangeofproblemsthatcanbesolvedpractically.
Indoingso,however,themotivationtoexpressproblemsintermsofsymbolicBooleanoperations
hasincreased.

4.1.EncodingofFiniteDomains

Considerafinitesetofelementstwhereata�u.Wecanencodeanelementoftasavector
of*binaryvalues,where*�Ilog2uJ.Thisencodingisdenotedbyafunctionv:twx0�1y) mappingeachelementofttoadistinct*-bitbinaryvector.LetvK���denotethe�thelementin
thisencoding.Afunctionmappingelementsinttoelementsint,
:twtisrepresentedasa
vectorof*Booleanfunctions` 
,whereeach
K:x0�1y)wx0�1yisdefinedas:


K�v�����vK�
����

Inmanyapplications,thedomainshavea“natural”encoding,e.g.,thebinaryencodingoffinite
integers,whileinothersitisconstructedartificially.

Asanexample,theCOSMOSsymbolicsimulator[ChoandBryant1989]usesOBDDstocompute
thebehaviorofatransistorcircuitsymbolically.Suchasimulatorcanbeusedtoautomatically
generatetestsforfaultsinacircuitandtoformallyverifythatthecircuithassomedesiredbehavior.
Thecircuitmodelrepresentsnodevoltageswithathree-valuedsignalset,wherevalues0and
1representlowandhighvoltages,andthethirdvalueXindicatesanunknownorpotentially
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nondigitalvoltage.Duringsymbolicsimulation,thenodestatesmustbecomputedasthree-valued
functionsoverasetofBooleanvariablesintroducedbytheusertorepresentvaluesoftheprimary
inputsorinitialstate.COSMOSrepresentsthestateofanodebyapairofOBDDs.Thatis,it
encodeseachoftheu�3elementsofthesignalsetasavectorof*�2binaryvaluesaccording
totheencodingv�0��z0�1{,v�1��z1�0{,andv�X��z1�1{. The“next-statefunctions”computedbythesimulatoraredefinedentirelyaccordingtothisBoolean
encoding,allowingBooleanfunctionstoaccuratelydescribethethree-valuedcircuitbehavior.For
example,Table3showsthethree-valuedextensionsofthelogicoperations#$%,&',and\13. ObservethattheoperationsyieldXineverycasewhereanunknownargumentwouldcausean
uncertaintyinthefunctionvalue.Lettingz�1��0{denotetheencodingofathree-valuedsignal�, thethree-valuedoperationcanbeexpressedentirelyintermsofBooleanoperations:

z�1��0{ sz!1�!0{�z�1 !1��0"!0{ z�1��0{"sz!1�!0{�z�1"!1��0 !0{
z�1��0{s�z�0��1{

Duringoperation,thesimulatoroperatesmuchlikeaconventionalevent-drivenlogicsimulator.It
beginswitheachinternalnodeinitializedtostatez1�1{indicatingthenodevalueisunknownunder
allconditions.Duringsimulation,nodestatesareupdatedbyevaluatingtheBooleanrepresentation
ofthenext-statefunctionwiththe�����operation.Eachtimethestateofanodeisrecomputed,
theoldstateiscomparedwiththenewstate,andifnotequivalent,aneventiscreatedforeach
fanoutofthenode.Thisprocesscontinuesuntiltheeventlistbecomesempty,indicatingthatthe
networkisinastablestate.Thismethodofprocessingeventsreliesheavilyonhavinganefficient
testforequivalence.

4.2.Sets

Givenanencodingofasett,wecanrepresentandmanipulateitssubsetsusing“characteristic
functions”[CernyandMarin1977].Aset|}tisdenotedbytheBooleanfunction~�: x0�1y)wx0�1y,where

~��` ��������� 1�K�)�K[vK����

where[representsthecomplementofthe456�7829:;&'operation.Operationsonsetscanthen
beimplementedbyBooleanoperationsontheircharacteristicfunctions,e.g.,

~��0

~����~�"~� ~����~� ~� ~�,��~� ~�
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Set|isasubsetof�ifandonlyif~� ~��0.InmanyapplicationsofOBDDs,setsareconstructed
andmanipulatedinthismannerwithouteverexplicitlyenumeratingtheirelements.

Alternatively,a(nonempty)setcanberepresentedasthesetofpossibleoutputsofafunctionvector
[Coudertetal1990].Thatis,weconsider` 
todenotetheset ����

�v����` 
�` !��forsome` !�x0�1y)�

Thisrepresentationcanbeconvenientinapplicationswherethesystembeinganalyzedisrepresented
asafunctionvector.Bymodifyingthesefunctions,wecanalsorepresentsubsetsofthesystem
states.

4.3.Relations

A=-aryrelationcanbedefinedasasetofordered=-tuples.Thus,wecanalsorepresentand
manipulaterelationsusingcharacteristicfunctions.Forexample,considerabinaryrelation�} t�t.ThisrelationisdenotedbytheBooleanfunction~�definedas:

~��` ��` ������������� ��Y��� 1�K�)�K[vK����� ��� 1�K�)�K[vK�!���

Withthisrepresentation,wecanperformoperationssuchasintersection,union,anddifferenceon
relationsbyapplyingBooleanoperationstotheircharacteristicfunctions.

Usingacombinationoffunctionalcompositionandvariablequantification,wecanalsocompose
relations.Thatis:

~����
c` �

�~��` ��` �� ~��` ��` �� 

where�¡|denotesthecompositionofrelations�and|.Quantificationoveravariablevector
involvesquantifyingovereachofthevectorelementsinanyorder.

Takingthisfurther,wecancomputethetransitiveclosureofarelationusingfixed-pointtechniques
[Burchetal1990a].Thefunction~�¢iscomputedasthelimitofasequenceoffunctions~�£, eachdefiningarelation:

�0�¤ �K¥1�¤q�¡�K where¤denotestheidentityrelation.Thecomputationconvergeswhenitreachesaniteration� suchthat~�£�~�£¦1,againmakinguseofefficientequivalencetesting.Ifwethinkof�as
representingagraph,withavertexforeachelementint,andanedgeforeachelementin�,then
therelation�Kdenotesthosepairsreachablebyapathwithatmost�edges.Thus,thecomputation
mustconvergeinatmostu+1iterations,whereu�ata.Atechniqueknownas“iterative
squaring”[Burchetal1990a]reducesthemaximumnumberofiterationsto*�Ilog2uJ.Each
iterationcomputesarelation�§K¨denotingthosepairsreachablebyapathwithatmost2Kedges:

�§0¨�¤q� �§K¥1¨��§K¨¡�§K¨ ManyapplicationsofOBDDsinvolvemanipulatingrelationsoververylargesets,andhencethe
reductionfromuiterations(e.g.,109)downto*(e.g.,30)canbedramatic.
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Figure10:Universalfunctionblock.Byassigningdifferentvaluestothevariables` �,anarbitrary
2-inputoperationcanberealized.

5.DIGITALSYSTEMDESIGNAPPLICATIONS

TheuseofOBDDsindigitalsystemdesign,verification,andtestinghasgainedwidespreadaccep-
tance.Inthissection,wedescribeafewoftheareasandmethodsofapplication.

5.1.Verification

OBDDscanbeapplieddirectlytothetaskoftestingtheequivalenceoftwocombinationallogic
circuits.Thisproblemariseswhencomparingacircuittoanetworkderivedfromthesystem
specification[Bryant1986],orwhenverifyingthatalogicoptimizerhasnotalteredthecircuit
functionality.Usingthe�����operation,functionalrepresentationsforbothnetworksarederived
andtestedforequivalence.Bythismethod,twosequentialsystemscanalsobecompared,aslong
astheyusethesamestateencoding[MadreandBillon1988].Thatis,thetwosystemsmusthave
identicaloutputandnext-statefunctions.

5.2.DesignErrorCorrection

Notcontenttosimplydetecttheexistenceoferrorsinalogicdesign,researchershavedeveloped
techniquestoautomaticallycorrectadefectivedesign.Thisinvolvesconsideringsomerelatively
smallclassofpotentialdesignerrors,suchasasingleincorrectlogicgate,anddeterminingif
anyvariantofthegivennetworkcouldmeettherequiredfunctionality[Madreetal1989].This
analysisdemonstratesthepowerofthequantificationoperationsforcomputingprojections,inthis
caseprojectingouttheprimaryinputvaluesbyuniversalquantification.

Suchananalysiscanbeperformedsymbolicallybyencodingthepossiblegatefunctionswith
Booleanvariables,asillustratedinFigure10.Asthisexampleshows,anarbitrary=-inputgatecan
beemulatedbya2©-inputmultiplexor,wherethegateoperationisdeterminedbythemultiplexor
datainputs` �[MeadandConway1990].Considerasingleoutputcircuitu,whereoneofthegates
isreplacedbysuchablock,givingaresultingnetworkfunctionalityofu�` ��` ��,where` �represents
thesetofprimaryinputs.Supposethatthedesiredfunctionalityis|�` ��.Ourtaskistodetermine
whether(andifso,how)thetwofunctionscanbemadeidenticalforallprimaryinputvaluesby
“programming”thegateappropriately.Thisinvolvescomputingthefunctionª�` ��,definedas

ª�` ���d` ��u�` ��` ��[|�` �� 
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Figure11:Signallinemodifier.Anonzerovalueof«¬altersthevaluecarriedbytheline.

Figure12:Computingsensitivitiestosinglelinemodifications.Eachassignmenttothevariables
in` �causesthevalueonjustonelinetobemodified.

Anyassignmentto` �forwhichªyields1isthenasatisfactorysolution.

Althoughmajordesignerrorscannotbecorrectedinthismanner,iteliminatesthetedioustaskof
debuggingcircuitswithcommonerrorssuchasmisplacedinverters,ortheuseofanincorrectgate
type.Thistaskisalsousefulinlogicsynthesis,wheredesignerswanttoalteracircuittomeeta
revisedspecification[Fujitaetal1991].

5.3.SensitivityAnalysis

Asecondclassofapplicationsinvolvescharacterizingtheeffectsofalteringthesignalvalueson
differentlineswithinacombinationalcircuit.Thatis,foreachsignallineO,wewanttocomputethe
BooleandifferenceforeveryprimaryoutputwithrespecttoO[Sellersetal1968].Thisanalysiscan
beperformedsymbolicallybyintroducing“signallinemodifiers”intothenetwork.asillustrated
inFigure11.Thatis,foreachlinethatwouldnormallycarryasignallineO,weselectivelyalterthe
valuetobeOMunderthecontrolofaBooleanvalue«¬bycomputingOM�O[«¬.Wecandetermine
theconditionsunderwhichsomeoutputofthecircuitissensitivetothevalueonasignallineby
comparingtheoutputsoftheoriginalandalteredcircuits,asillustratedinFigure12.Asthisfigure
illustrates,wecanevencomputetheeffectofeverysingle-linemodificationinacircuitinone
symbolicevaluation[ChoandBryant1989].Thatis,numbereverysignallinefrom0to-+1,and
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Figure13:Circuitwithuncertaindelays.Gateslabeledbymin/maxdelays.Invertershave
distributionofdelays.

introduceasetofIlog-J“permutationvariables”` �.Eachpermutationsignal«¬isthendefined
tobethefunctionthatyields1whenthepermutationvariablesarethebinaryrepresentationofthe
numberassignedsignalO.Inlogicdesignterms,thisisequivalenttogeneratingthepermutation
signalswithadecoderhaving` �asinput.Theresultingfunction��` ��` ��yields1iftheoriginal
networkandthenetworkpermutedby` �producethesameoutputvaluesforinput` �.
Oneapplicationofthissensitivityanalysisistoautomatictestgeneration.Thesensitivityfunction
describesthesetofalltestsforeachsinglefault.Supposeasignallinenumberedinbinaryas` !

hasfunctionO�` ��inthenormalcircuit.Thenaninputpattern` �willdetectastuck-at-1faulton

thelineifandonlyif��` ��` !� O�` ���1.Similarly,` �willdetectastuck-at-0faultifandonly

if��` ��` !� O�` ���1.Thismethodcanalsobegeneralizedtosequentialcircuitsandtocircuits
representedattheswitch-level[ChoandBryant1989].

Asecondapplicationisintheareaofcombinationallogicoptimization.Forasignallinenumbered
inbinaryas` !,thefunction��` ��` !�representsthe“don’tcareset”foreachlineofthecircuit,i.e.,
thosecaseswherethecircuitoutputsareindependentofthesignalvalueonthisline.Usingthis
informationasguidance,thecircuitoptimizercanapplytransformationssuchaseliminatinga
signalline,ormovingalinetoadifferentgateoutput.Onedrawbackofthisapproach,however,is
thatthesensitivityfunctionmustberecomputedeverytimetheoptimizermodifiesthecircuit.An
alternativeapproachyieldsamorerestricted,but“compatible”setofdon’tcarefunctions,where
thedon’tcaresetsremainvalidevenasthecircuitstructureisaltered[Satoetal1990].

5.4.ProbabilisticAnalysis

Recently,researchershavedevisedamethodforstatisticallyanalyzingtheeffectsofvaryingcircuit
delaysinadigitalcircuit[Deguchietal1991].ThisapplicationofOBDDsisparticularlyintriguing,
sinceconventionalwisdomwouldholdthatsuchananalysisrequiresevaluationofreal-valued
parametricvariations,andhencecouldnotbeencodedwithBooleanvariables.

Consideralogicgatenetworkinwhicheachgatehasadelaygivenbysomeprobabilitydistribution.
Thiscircuitmayexhibitarangeofbehaviors,someofwhichareclassifiedasundesirable.The
“yield”isthendefinedastheprobabilitythatthesebehaviorsdonotoccur.Asanexample,Figure
13showsasimplecircuitwheretwoofthelogicgateshaveavariabledistributionofdelays,and
wewishtoevaluatetheprobabilityofaglitchoccurringonnodeOutastheinputsignalAmakes
atransitionfor0to1.Figure14showsananalysiswhensignalAchangesto1attime0.Signals
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Figure14:Effectofuncertaindelays.SignalAswitchesfrom0to1attime0.Ignoringsignal
correlationscausesoverestimateoftransitionprobability.
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Figure15:Modelinguncertaindelays.Booleanvariablescontroldelayselection.Signalsare
replicatedaccordingtodelaydistribution.

CandDwillmaketransitions,wherethetransitiontimeshaveprobabilitydistributionsshown.
Onesimpleanalysiswouldbetotreatthewaveformprobabilitiesforallsignalsasiftheywere
independentlydistributed.Thenwecaneasilycomputethebehaviorofeachgateoutputaccording
tothegatefunctionandinputwaveforms.Forexample,ifwetreatsignalsCandDasindependent,
thenwecouldcomputetheprobabilityofarisingtransitiononnodeOutattime­astheproductof
theprobabilitythatCmakesatransitionat­andtheprobabilitythatnotransitiononDoccursat
time>­.Thiswouldleadtothetransitionprobabilitydistributionlabeledas“Out(Independent). ”
Thenetprobabilityofatransitionoccurring(i.e.,aglitch)wouldthenbecomputedas30%.In
reality,ofcourse,thetransitiontimesofsignalsCandDarehighlycorrelated—bothareaffectedby
thedelaythroughtheinitialbuffergate.Hence,amorecarefulanalysiswouldyieldthetransition
timeprobabilitydistributionlabeledas“Out(Actual),”havinganetprobabilityofoccurrenceof
12.5%.Thus,thesimplifiedanalysisunderestimatesthecircuityield.Inothercases,asimplified
analysiswilloverestimatetheyield[Deguchietal1991].

TosolvethisproblemthroughsymbolicBooleananalysis,wemustmaketworestrictions.First,all
circuitdelaysmustbeinteger-valued(foranappropriatelychosentimeunit),andhencetransitions
occuronlyatdiscretetimepoints.Second,thedelayprobabilitiesforagatemustbemultiplesof
avalue1®=,where=isapowerof2.ForexamplebothvariablegatesinFigure13havedelays
rangingfrom1to4.Onehasuniformlydistributeddelaysz1®4�1®4�1®4�1®4{,whiletheotherhas
delaysthatmorenearlyapproximateanormaldistributionz1®8�3®8�3®8�1®8{.Thedelayvalue
foragatecanthenbeencodedbyasetoflog=Booleanvariables,asshowninFigure15.Thatis,
wemodelthecircuitelementwitha=-inputmultiplexor,whereadelayvaluehavingprobability.®= isfedto.oftheinputs.Thecircuitisthenevaluatedusingasymbolicextensionofaconventional
logicgatesimulationalgorithm.ThesignalvalueonanodeNateachtime­isthenaBoolean
functionu�­�ofthedelayvariables.

FortheexampleofFigure15supposethatvariablesz¯1�¯0{encodethedelaybetweenAandB,
whilevariableszg2�g1�g0{encodethedelaybetweenBandC,asshowninTable4.Fortimes­�0,
thenodefunctionsaregivenas:t�­��N�­��°�­��±²³�­��0andª�­��1.Fortimes

­B0,nodeAhasfunctiont�­��1,whiletheotherswouldbecomputedas:

N�­��¯1 ¯0 t�­+1�"¯1 ¯0 t�­+2�"¯1 ¯0 t�­+3�"¯1 ¯0 t�­+4� ª�­��g2 g1 g0 N�­+1�"g2 �g1"g0� N�­+2�"
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AwB DelayCondition
1¯1 ¯0 2¯1 ¯0 3¯1 ¯0 4¯1 ¯0

BwC DelayCondition
1g2 g1 g0 2g2 �g1"g0� 3g2 �g1"g0� 4g2 g1 g0

Table4:DelayConditionsforExampleCircuit.

g2 �g1"g0� N�­+3�"g2 g1 g0 N�­+4�
°�­��N�­+3�
±²³�­��ª�­� °�­�

Fromtheseequations,theoutputsignalwouldbecomputedas±²³�­��0for­>3and­B8,
andforothertimesas:

±²³�4��g2 g1 g0 ¯1 ¯0 ±²³�5��g2 g1 g0 ¯1 ¯0 ±²³�6��g2 g1 g0 ¯1 ¯0 ±²³�7��g2 g1 g0 ¯1 ¯0
WecancomputeaBooleanfunctionindicatingthedelayconditionsunderwhichsomeundesirable
behaviorarises.Forexample,wecouldcomputetheprobabilityofaglitchoccurringonnodeOut
as´�]±²³�­�.Inthiscase,wewouldcompute´�g2 g1 g0,i.e.,aglitchoccursifandonlyif
thedelaybetweenBandCequals4.

GivenaBooleanfunctionrepresentingtheconditionsunderwhichsomeeventoccurs,wecan
computetheeventprobabilitybycomputingthedensityofthefunction,i.e.,thefractionofvariable
assignmentsforwhichthefunctionyields1.WiththeaidoftheShannonexpansion,thedensity µ�
�ofafunction
canbeshowntosatisfytherecursiveformulation:

µ�1��1 µ�0��0

µ�
��1
2Xµ�
a�b0�"µ�
a�b1�Z

Thus,givenanOBDDrepresentationof
,wecancomputethedensityinlineartimebytraversing
thegraphdepth-first,labelingeachvertexbythedensityofthefunctiondenotedbyitssubgraph.
ThiscomputationisshowninFigure16fortheOBDDrepresentingtheconditionsunderwhich
nodeCinFigure15hasarisingtransitionattime6,indicatingthatthiseventhasprobability7®32.
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Figure16:ComputationofFunctionDensity.Eachvertexislabeledbythefractionofvariable
assignmentsyielding1.

Asthisapplicationshows,OBDD-basedsymbolicanalysiscanbeappliedtosystemswithcomplex
parametricvariations.Althoughthisrequiressimplifyingtheproblemtoconsideronlydiscrete
variations,usefulresultscanstillbeobtained.Thekeyadvantagethisapproachhasoverother
simplifiedmethodsofprobabilisticanalysis(e.g.,controllability/observabilitymeasures[Brglez
etal1984])isthatitaccuratelyconsiderstheeffectsofcorrelationsamongstochasticvalues.

6.FINITESTATESYSTEMANALYSIS

Manyproblemsindigitalsystemverification,protocolvalidation,andsequentialsystemoptimiza-
tionrequireadetailedcharacterizationofafinitestatesystemoverasequenceofstatetransitions.
Classicalgorithmsforthistaskconstructanexplicitrepresentationofthestategraphandthen
analyzeitspathandcyclestructure[Clarkeetal1986].Thesetechniquesbecomeimpractical,
however,asthenumberofstatesgrowslarge.Unfortunately,evenrelativelysmalldigitalsystems
canhaveverylargestatespaces.Forexample,asingle32-bitregistercanhaveover4�109states.

Morerecently,researchershavedeveloped“symbolic”stategraphmethods,inwhichthestate
transitionstructureisrepresentedasaBooleanfunction[Burchetal1990a;Coudertetal1990].2

Thisinvolvesfirstselectingbinaryencodingsofthesystemstatesandinputalphabet.Thenext-
statebehaviorisdescribedasarelationgivenbyacharacteristicfunction¶�` ��` ��` *�yielding1
wheninput` �cancauseatransitionfromstate` �tostate` *.Asanexample,Figure18illustrates
anOBDDrepresentationofthenondeterministicautomatonhavingthestategraphillustratedin
Figure17.Thisexamplerepresentsthethreepossiblestatesusingtwobinaryvaluesbytheencoding

2Apparently,McMillan[McMillan1992]implementedthefirstsymbolicmodelcheckerin1987,buthedidnot
publishthiswork.
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Figure17:Explicitrepresentationofnon-deterministicfinitestatemachine.Thesizeofthe
representationgrowslinearlywiththenumberofstates.

Figure18:Symbolicrepresentationofnon-deterministicfinitestatemachine.Thenumberof
variablesgrowslogarithmicallywiththenumberofstates.
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v�A��z0�0{,v�B��z1�0{,andv�C��z0�1{.Observethattheunusedcodevaluez1�1{canbe
treatedasa“don’tcare”valueforthearguments` �and` *inthefunction¶.IntheOBDDofFigure
18,thiscombinationistreatedasanalternatecodeforstateCtosimplifytheOBDDrepresentation.

Forsuchasmallautomaton,theOBDDrepresentationdoesnotimproveontheexplicitrepresenta-
tion.Formorecomplexsystems,ontheotherhand,theOBDDrepresentationcanbeconsiderably
smaller.BasedontheupperboundsderivedforboundedwidthnetworksdiscussedinSubsec-
tion1.4,McMillan[McMillan1992]hascharacterizedsomeconditionsunderwhichtheOBDD
representingthetransitionrelationforasystemgrowsonlylinearlywiththenumberofsystemcom-
ponents,whereasthenumberofstatesgrowsexponentially.Inparticular,thispropertyholdswhen
both(1)thesystemcomponentsareconnectedinalinearortreestructure,and(2)eachcomponent
maintainsonlyaboundedamountofinformationaboutthestateoftheothercomponents.Asthe
exampleofFigure5illustrated,thisboundholdsforring-connectedsystems,aswell,sincearing
canbe“flattened”intoalinearchainofbidirectionallinks.McMillanhasidentifiedavarietyof
systemssatisfyingtheseconditions,includingahierarchicaldistributedcacheinasharedmemory
multiprocessor,andaring-baseddistributedmutualexclusioncircuit.

GiventheOBDDrepresentation,propertiesofafinitestatesystemcanthenbeexpressedbyfixed
pointequationsoverthetransitionfunction,andtheseequationscanbesolvedusingiterative
methods,similartothosedescribedtocomputethetransitiveclosureofarelation.Forexample,
considerthetaskofdeterminingthesetofstatesreachablefromaninitialstatehavingbinarycoding

` ·bysomesequenceoftransitions.Definetherelation|toindicatetheconditionsunderwhich
forsomeinput` �,therecanbeatransitionfromstate` �tostate` *.Thisrelationhasacharacteristic
function

~��` ��` *��
c`
��¶�` ��` ��` *� 

Thensetofstatesreachablefromstate` ·hascharacteristicfunction:

~��` O��~�¢�` ·�` O�

Systemswithover1020stateshavebeenanalyzedbythismethod[Burchetal1990b],farlarger
thancouldeverbeanalyzedusingexplicitstategraphmethods.Anumberofrefinementshave
beenproposedtospeedconvergence[Burchetal1990a;Filkorn1991]andtoreducethesizeof
theintermediateOBDDs[Coudertetal1990].

Unfortunately,thesystemcharacteristicsthatguaranteeanefficientOBDDrepresentationofthe
transitionrelationdonotprovideusefulupperboundsontheresultsgeneratedbysymbolicstate
machineanalysis.Forexample,onecandeviseasystemhavingalinearinterconnectionstructure
forwhichthecharacteristicfunctionofthesetofreachablestatesrequiresanexponentially-sized
OBDD[McMillan1992].Ontheotherhand,researchershaveshownthatanumberofreal-life
systemscanbeanalyzedbythesemethods.

Oneapplicationoffinitestatesystemanalysisisinverifyingthecorrectnessofasequentialdigital
circuit.Forexample,onecanprovethatastatemachinederivedfromthesystemspecificationis
equivalenttoonederivedfromthecircuiteventhoughtheyusedifferentstateencodings.Forthis
application,morespecializedtechniqueshavealsobeendevelopedthatexploitcharacteristicsofthe
systemtobeverified,e.g.,thatthecircuitissynchronousanddeterministic,andthatthespecification
requiresanalyzingonlyaboundednumberofclockcycles[BoseandFisher1989;Beattyetal1991].
Forexample,wehaveverifiedpipelineddatapathscontainingover1000bitsofregisterstate.Such
asystem,havingover10300states,exceedsthecapacityofcurrentsymbolicstategraphmethods.
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7.OTHERAPPLICATIONAREAS

Historically,OBDDshavebeenappliedmostlytotasksindigitalsystemdesign,verification,and
testing.Morerecently,however,theirusehasspreadintootherapplicationdomains.Forexample,
thefixedpointtechniquesusedinsymbolicstatemachineanalysiscanbeusedtosolveanumber
ofproblemsinmathematicallogicandformallanguages,aslongasthedomainsarefinite[Burch
etal1990a;Touatietal1991].Researchershavealsoshownthatproblemsfrommanyapplication
areascanbeformulatedasasetsofequationsoverBooleanalgebraswhicharethensolvedbya
formofunification[BüttnerandSimonis1987].

Intheareaofartificialintelligence,researchershavedevelopedatruthmaintenancesystembasedon
OBDDs[MadreandCoudert1991].TheyuseanOBDDtorepresentthe“database,”i.e.,theknown
relationsamongtheelements.Theyhavefoundthatbyencodingthedatabaseinthisform,the
systemcanmakeinferencesmorereadilythanwiththetraditionalapproachofsimplymaintaining
anunorganizedlistof“knownfacts.”Forexample,determiningwhetheranewfactisconsistent
withorfollowsfromthesetofexistingfactsinvolvesasimpletestforimplication.

8.AREASFORIMPROVEMENT

AlthoughavarietyofproblemshavebeensolvedsuccessfullyusingOBDD-basedsymbolicma-
nipulation,therearestillmanycaseswhereimprovedmethodsarerequired.Ofcourse,mostof
theproblemstobesolvedareNP-hard,andinsomecasesevenPSPACE-hard[GareyandJohnson
1979].Hence,itisunlikelythatanymethodwithpolynomialworstcasebehaviorcanbefound.
Atbest,wecandevelopmethodsthatyieldacceptableperformanceformosttasksofinterest.

Onepossibilityistoimproveontherepresentationitself.Forworkingwithdigitalsystemscon-
tainingmultipliersandotherfunctionsinvolvingacomplexrelationbetweenthecontrolanddata
signals,OBDDsquicklybecomeimpracticallylarge.Severalmethodshavebeenproposedthat
followthesamegeneralprinciplesofOBDD-basedsymbolicmanipulation,butwithfewerrestric-
tionsonthedatastructure.Forexample,Karplushasproposedavarianttermed“If-Then-Else
DAGs,”wherethetestconditionforeachvertexcanbeamorecomplexfunctionthanasimple
variabletest[Karplus1989].ResearchersatCMUhaveexperimentedwith“FreeBDDs,”inwhich
thevariableorderingrestrictionofOBDDsisrelaxedtotheextentthatthevariablescanappear
inanyorder,butnopathfromtheroottoaterminalvertexcantestavariablemorethanonce
[Brace1988].Suchgraphs,knownas“1-timebranchingprograms”inthetheoreticalcommunity
[Wegener1988],havemanyofthedesirablepropertiesofOBDDs,includinganefficient(although
probabilistic)methodfortestingequivalence[BlumandChandra1980].Recently,techniquesbased
onthisrepresentationhavebeendevelopedthatmaintainseveralofthedesirablecharacteristicsof
OBDDs,includingacanonicalformandapolynomialtime�����operation[GergovandMeinel
1992].Otherresearchershaveremovedallrestrictionsonvariableoccurrence,allowingpathswith
multipletestsofasinglevariable[Asharetal1991;Burch1991].Ineachoftheseextensions,
weseeatrade-offbetweenthecompactnessoftherepresentationandthedifficultyofconstructing
themortestingtheirproperties.

Inmanycombinatorialoptimizationproblems,symbolicmethodsusingOBDDshavenotperformed
aswellasmoretraditionalmethods.Intheseproblems,wearetypicallyinterestedinfindingonly
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onesolutionthatsatisfiessomeoptimalitycriterion.MostapproachesusingOBDDsontheother
hand,deriveallpossiblesolutionsandthenselectthebestfromamongthese.Unfortunately,many
problemshavetoomanysolutionstoencodesymbolically.Moretraditionalsearchmethodssuch
asbranch-and-boundtechniquesoftenprovemoreefficientandabletosolvelargerproblems.For
example,ourtestgenerationprogramdeterminesallpossibletestsforeachfault[ChoandBryant
1989],whereasmoretraditionalmethodsstoptheirsearchassoonasasingletestisfound.One
possibilitywouldbeapplytheideaof“lazy”or“delayed”evaluation[Abelsonetal1985]toOBDD-
basedmanipulation.Thatis,ratherthaneagerlycreatingafullrepresentationofeveryfunction
duringasequenceofoperations,theprogramwouldattempttoconstructonlyasmuchofthe
OBDDsasisrequiredtoderivethefinalinformationdesired.Recenttestgenerationprogramshave
someofthischaracter,usingahybridofcombinatorialsearchandfunctionalevaluation[Giraldi
andBushnell1990].

9.SUMMARY

Asresearchersexplorenewapplicationareasandformulateproblemssymbolically,theyfindthey
canexploitseveralkeyfeaturesofBooleanfunctionsandOBDDs: ¸

Byencodingtheelementsofafinitedomaininbinary,operationsoverthesedomainscanbe
representedbyvectorsofBooleanfunctions. ¸
SymbolicBooleanmanipulationprovidesaunifiedframeworkforrepresentinganumberof
differentmathematicalsystems. ¸
Formanyproblems,avariableorderingcanbefoundsuchthattheOBDDsizesremain
reasonable. ¸

Theabilitytoquicklytestequivalenceandsatisfiabilitymakestechniquessuchasiterative
methodsandsensitivityanalysisfeasible. ¸

The�����and':83'263operationsprovideapowerfulbasisformanymorecomplex
operations.

Discoveringnewapplicationareas,andimprovingtheperformanceofsymbolicmethods(OBDD
orotherwise)forexistingareaswillprovideafruitfulareaofresearchformanyyearstocome.
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