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Scaling is one of several kinds of useful transformations. EG. ' = 3z,
y' =y, 2/ = z expands things and distances in the +z direction away from

the x = 0 (yz plane) by a multiplying them by 3.

Here is the matrix form for our body-thickening transformation:

[ 3] o] [ol]llz] [3z+oy+to0z] [ 32z ]
0 1 0 y | = Oz +1y+0z | = Y
--o- -o- -H---N- -o&+o@+HN- |z

is a transformation that transforms vector

J into Y — J
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Our scaling transformation, in matrix form:

3] o] [o
0 1 0
L0 L0 | 1]
transforms -
1
unit vector | 0 | into
0

and the other two unit vectors into themselves.
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Transformations given by a matrix M acting on a vector V by matrix

multiplication M V are linear transformations.

Such transformations are called linear because they satisty, first, this
proposition:
M (aV)=(a) MV

(examine the matrix multiplication formula to see this.. Remember scalar

multiplication a(vy,vs,v3) = (av, avg, avs))

And second, another proposition:
M(V4+W)=MV+MW

(examine the multiplication formula again...it’s the result of basic number
facts like m;;(v; + w;) = m;;v; + m;;w; and that vector addition is done

componentwise.)
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Geometric significance of linearity:

(M (V) = (a) M V) If all the vectors in our picture of scalar
multiplication are transformed by the same linear transformation, the new

picture will illustrate correct scalar mutltiplication (with the same scalar).

(M (V+W)=MYV + M W) Similarly, if a parallelogram or tail-to-head
picture of vector addition were transformed linearly, the new picture will be

of correct vector addition.
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Linearity of M in a nutshell (one popular formula):

M (aV +BW)=aM V + BM W

Also, the formulas are identities: Always true, no matter what values the
variables have.

Our variables: «, 8, V and W.
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Unit coordinate vectors:

1 0 0
Ur=10 U= 1 Us=1]0
-o- -O- -H-

An arbitrary vector’s components play the following role in writing is using

unit vectors:

T 1 0 0
V=|y |=2z|0|+y| 1 |+2z]| 0| =2U;+yUy+2Us;.




University at Albany Computer Science Dept.

1. A matrix-vector multiplication and a linear transformation
are essentially the same things geometrically but the multiplication

is most practical for computers to compute.

2.A linear transformation M IS DETERMINED BY what it
does to each of the unit coordinate vectors and indeed, by what it

does to a “basis” Why??

=M A&GH+@GM+NGwV
H&id~+@§dw+\w§cw

—aM |0 |+yM |1 |+2M | 0
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S0.. How do you figure out what matrix to use for a linear transformation?

Answer: Figure out what 3 vectors each of the 3 coordinate unit vectors
should transform into, and write them for the columns of the matrix to use.

(And take care to maintain consistancy of names and order..)
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scaling: x' = (5;)z, ¥’ = (5))y, 2’ = (5,)z

Stretches the space by a (different) factor in each axis direction, with the

origin fixed.

Angles and shapes change, except horizontal, vertical and front-to-back

lines remain unchanged.
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A (3*X, 2*y)
(3*3,2*4)

(3+2, 2*2) (3*5, 2*2)

o

9 15

Where the object is relative to the origin is important for scaling.
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o, oeepoer o
® ox/o@o\ojo/\&o

11

T XN

'TIIILX

%0
Scaling
X'=3x
y=ly
3 0
0 1

For shearing: M =

ivivhvivhv

Shearing

X' =X-+y

y'=y

and M

I 1
0 1
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Geometric Fact: Rotation around the z-axis is a rigid motion that leaves

the origin unchanged. So, it is a linear transformation.

Directly, scalar multiplication and the parallelogram (tail-to-head) figures

A

remain valid for fixed-origin rotation.

A
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MOu to figure the matrix that rotates space by angle © around the z axis:

1. Figure out, using sin, cos, and the 3 axes, the coordinates of the
vectors obtained by rotating each unit vector.

2. Arrange the resulting three coordinate vectors as the columns of the

matrix.

13
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Matrix multiplication:

mi1 mi2
mai ma2
| ™31 | 32 |

3

is a transformation that transforms vector

L1
)

3

into

14

mM11T1 + M12T2 + M13T3
M91T1 + ML + Ma3T3

mM31T1 + M32T2 + M33T3

mM11T1 + M12T2 + M13T3
M921T1 + Mool + Ma3T3

mM31L1 + M32T2 + M33T3

What is the fate of the three unit vectors

under this transformation?
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Matrix

transforms

into

m31

and it transforms

, and

1 into

into column 3.

which is column 2

15
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Vector
- o
y | =2 |0
n < . | O -
is transformed into
_ - - _
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In other words, vector

i1s transformed into

mi11T
mo1 T

msi1x

mi2y
Mooy

msay

mis<
(D RY

nmssz

mi11T + mioy + M3z
M21T + Moy + Ma3Z2

ms1x —+ msay + msasz
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